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Introduction
A common theme in topology is to reduce hard problems by decom-
posing a manifold into simpler and standard pieces. Classical examples
in this direction include handle decompositions, Heegaard splittings of
3-manifolds, surgery theory and so on.
This thesis will present the concept of trisections for smooth, closed
and oriented 4-manifolds. Trisections were recently defined by David
T. Gay and Robion Kirby in [10]. A trisection is a decomposition of a
4-manifold X into three pieces X1, X2 and X3, each diffeomorphic to
a 4-dimensional handlebody, Xi = \
kS1×D3, where k is defined as the
genus of the handlebody; the triple intersection X1∩X2∩X3 is a closed
surface Σ, and each pair of double intersections (Xi∩Xj, Xk∩Xj) pro-
vides a Heegaard splitting for the boundary ∂Xj = ]
kS1 × S2, with
Heegaard surface Σ.
Trisections can be thought of as a 4-dimensional analogue of Hee-
gaard splittings. As in the case of 3-manifolds, we are decomposing
into standard pieces, and we can recover the underlying manifold from
combinatorial data associated to the decomposition. In the original
definition the three 4-dimensional handlebodies are meant to be of the
same genus. However, in this thesis we are going to work in the slightly
general context of unbalanced trisections.
In [10] the authors proved that every smooth, closed and oriented
4-manifolds admits a trisection. Trisections are far from being unique;
however, two trisections representing the same 4-manifold X are re-
lated by simple stabilization moves. We will show that uniqueness of a
trisection is guaranteed up to stabilizations.
The proofs of existence and uniqueness rely on results concerning
Morse 2-functions. These arise as a generalization of homotopies be-
tween regular Morse functions. In other words, a Morse 2-function is
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a generic map from a smooth n-manifold X to a 2-manifold, satisfy-
ing some additional constraints. All the relevant tools, mostly hinging
upon Cerf theory, were developed by Gay and Kirby in [9].
Between 2015 and 2016, trisections have been a very active topic
of research. Several authors managed to prove partial classification
results ([21],[20]), to extend to the non-empty boundary case [25] and
a group-theoretic approach to trisections was obtained in [1]. We will
give a complete classification of trisected 4-manifolds up to genus 2
(Theorem 4.4).
We will also present some developments concerning the compact
case, that is currently work in progress by Juanita Pinzon Caicedo and
Nick Castro. Lastly we will talk about the group-theoretic reformula-
tion due to Gay and Kirby.
Organization. This thesis is structured as follows.
Chapter 1 provides some background and tools employed in the
rest of the work. In particular we will define Heegaard splittings and
diagrams, Kirby diagrams and Morse functions.
In Chapter 2 we will define trisections, both in the balanced and
unbalanced case. After defining stabilization moves on trisections, we
will show how to pass from a trisection diagram to a Kirby diagram of
the underlying 4-manifold. Afterwards we will show how to completely
classify 4-manifolds admitting a genus-1 trisection.
Chapter 3 is dedicated to the proofs of existence and uniqueness
(Theorems 2.6 and 2.10), both of which are presented in the balanced
case.
In Chapter 4 we will provide the classification results for the genus-2
case.
Lastly Chapter 5 deals with the compact case and group trisections.
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CHAPTER 1
Preliminaries
This chapter is meant to be an introduction of the tools we are
going to use in the study of low-dimensional smooth manifolds. We
will be interested mostly in dimension three and four. Most of our
attention will be focused in handle decompositions of manifolds, and
related constructions and structures. The main theorems and results in
these topics can be found e.g. in Milnor’s Lectures on the h-Cobordism
Theorem [23]. A complete and clear treatment of these topics can be
found in Gompf and Stipsicz’ 4-manifolds and Kirby calculus [11, part
2].
In what follows, unless otherwise specified, we will suppose all the
manifolds are smooth and oriented. Diffeomorphism between oriented
manifolds will be assumed to be orientation preserving.
1.1. Handle decomposition
Handle decompositions provide a way to better understand smooth
manifolds by decomposing them into simpler pieces. This technique is
particulary useful in low-dimensional topology.
1.1.1. Handles.
Definition 1.1. Given two integers 0 ≤ k ≤ n, an n-dimensional
k-handle h is a copy of Dk×Dn−k attached to the boundary of a smooth
n-manifold X along ∂Dk ×Dn−k via an embeddings
φ : ∂Dk ×Dn−k −→ ∂X
.
After removing corners, the result of the attachment of an n-dimensional
k-handle to X is a smooth manifold, possibly with boundary, and it is
denoted by X ∪φ h.
We will call the disks Dk × {0} and {0} × Dn−k respectively the
core and the cocore of the handle, while their boundaries will be called
respectively the attaching sphere and the belt sphere. Abusing slightly
the notation, we will always call attaching and belt spheres both the
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Figure 1.1. A 3-dimensional 1-handle.
abstract disks and their embedded images in the manifold X. The em-
bedding φ is known as the attaching map, and the number k is called
the index of the handle. See Figure 1.1 for a visual representation of
an handle.
Remark 1.2. An isotopy between two attaching maps φ and φ′ for
an n-dimensional k-handle induces a diffeomorphism between X ∪φ h
and X ∪φ′ h. Since we are interested in the diffeomorphism type of a
manifold, we will consider only attaching maps up to isotopy. More
precisely, an isotopy between two attaching maps can be extended to
an ambient isotopy
Φ : I × ∂X −→ ∂X.
The required diffeomorphism can be constructed from the diffeomor-
phism
IdI × Φ : I × ∂X −→ I × ∂X
by identifying I × ∂X with a neighborhood of ∂X in X.
By the Tubular Neighborhood Theorem [12] the embedding
φ : ∂Dk ×Dn−k −→ ∂X
is determined up to isotopy by an embedding φ0 : ∂D
k×{0} −→ ∂X to-
gether with a normal framing1 of the normal bundle of φ0(∂D
k × {0}).
Thus, the diffeomorphism class of the manifold X∪φh is completely
determined by an embedding φ0 : S
k−1 −→ ∂X with trivial normal
bundle, and a normal framing f of φ0(S
k−1).
1A normal framing for the normal bundle is an identification (diffeomorphism)
f of the normal bundle φ0(∂D
k × {0}) with Dk × Rn−k.
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1.1.2. Morse functions and handle decompositions. Let X
be a compact n-manifold with boundary ∂X. Think of the bound-
ary as decomposed in a disjoint union of two compact submanifolds:
∂X = ∂X+ q ∂X−, either of which is allowed to be empty.
Consider a smooth map f : X −→ I, where I is a closed interval
contained in R, such that f−1(0) = ∂X−, and f−1(1) = ∂X+. We call
f a Morse Function for X if it has no critical points on ∂X and if f is
such that every critical point is locally modeled as
f(x1, x2, . . . , xn) = −x21 − x22 − . . .− x2k + x2k+1 + . . .+ x2n
for some suitable k, called the index of the critical point.
Away from critical points, nothing happens: if t ∈ I is not a critical
value, then there exists  > 0 such that f−1([0, t− ]) ∼= f−1([0, t+ ]);
in particular f−1([0, ]) is a collar neighborhood of ∂X−, diffeomorphic
to [0, ] × ∂X− . From a topologically point of view, the effect of
passing through a critical point p of index k is the same as attaching
a k-handle: if c ∈ I is a critical value containing a single critical point
p of index k, then for every sufficiently small  > 0, the sublevel set
f−1([0, c+ ]) is diffeomorphic to f−1([0, c− ]) with an n-dimensional
k-handle attached. The core of the handle is given by {xk+1 = · · · =
xn = 0;x
2
1 + · · ·+ x2k ≤ }.
Remark 1.3. We can choose a Riemaniann metric g on X, and
consider the gradient2 smooth vector field ∇f of the Morse function f .
Given a critical point p of index k, we can define the ascending manifold
A(p) and the descending manifoldD(p), respectively as the set of points
that have gradient flows that move towards the critical point p or head
away the critical point p. The dimensions of these manifolds are closely
related to the index of the critical point: dim(A(p)) = n − index(p),
dim(D(p)) = index(p).
Every smooth and compact manifold pair (X, ∂X) admits a Morse
function [22]: this implies that each such couple can be obtained from
I × ∂X− by attaching some handles. This leads to the following defi-
nition:
Definition 1.4 (Handle Decomposition). A handle decomposition
(relative to ∂X−) for the pair (X, ∂X−) is an identification of X with
a manifold obtained attaching handles to I × ∂X−.
2If gi,k is the metric tensor expression in local coordinates, the gradient of f
can be written as ∇if = gi,kδkf
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From the fact that every smooth, compact, orientable n-manifold
admits a Morse function, we can deduce that every smooth, compact
and orientable n-manifold admits an handle decomposition.
Remark 1.5. If (X, ∂X) is a topological manifold with dim(X) =
n 6= 4, theorems of Moise [24], Kirby and Siebenmann [15], Freedman
and Quinn [6] assure the existence of a topological handle decompo-
sition, (in which the attaching maps are homeomorfisms). However,
if dim(X) = 4, (X, ∂X) admits a topological handle decomposition if
and only if it is smoothable, that is, if it admits a differential structure.
Moreover, as explained in [23], every Morse function is isotopic
(through a Morse function-isotopy), to another Morse function such
that critical values of the same index lie at the same level. In terms of
attaching handles this leads to the following:
Proposition 1.6. Any handle decomposition for a compact couple
(X, ∂X−) can be modified by isotoping attaching maps, so that the han-
dle are attached in order of increasing index. Moreover, same index
critical points can be attached in any order or simultaneously.
From now on, we will always suppose that every handle decompo-
sition is given ordered by increasing index. If we take the interval I
to be [0, n], we can suppose that index-k critical values lie at ehight
k ∈ [0, n]. We will call such an f a self-indexing Morse function.
Remark 1.7. Consider an handle decomposition on a compact pair
(X, ∂X−), induced by a self-indexing Morse function f . Replacing f
with n − f gives an handle decomposition for (X, ∂X+), dual to the
previous one: each k-handle becomes an (n− k)-handle, and the roles
of attaching and belt spheres are reversed.
1.1.3. Handle moves. Handle decompositions for a compact pair
(X, ∂X−) are far from being unique. Indeed, there are two kind of
moves that can be used to modify an handle decomposition with-
out changing the diffeomorphism type of the manifold: handle cre-
ation/cancellation and handle sliding.
1.1.3.1. Cancelling pair of handles. As suggested in the left part of
Figure 1.2, it is possible to fill the hole created by a (k − 1)-handle
adding a k-handle, provided that the attaching sphere of the k-handle
intersect the belt sphere of the (k − 1)-handle transversely in exactly
one point. This operation is called a handle cancellation. Conversely,
if we add a cancelling k/k + 1 handle pair, we talk about an handle
creation.
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cancelling pair of handles handle slide
Figure 1.2. Handle cancellation (on the left) and
handle-slide (on the right).
1.1.3.2. Handle slides. Two n-dimensional handles h1 and h2 with
the same index k can can be slid one over the other as suggested in
the right part of Figure 1.2. We move the attaching sphere of h1 via
an isotopy in ∂(X ∪ h2), pushing it through the belt sphere of h2.
It is a fundamental fact, first proven in [4], that these two kinds of
moves form a complete set of modifications for handle decompositions:
Theorem 1.8. Given any two relative handle decomposition (in-
duced by a self-indexing Morse functions) for a compact pair (X, ∂X−),
they can be connected by a finite sequence of handle creations/cancellations,
handle slides and isotopies.
Moreover, we can use Theorem 1.8 to prove that handle decompo-
sitions can always be modified in a way that controls the number of
index 0- and n- handles:
Theorem 1.9 (For a proof, we suggest [11]). If X is connected,
then the compact pair (X, ∂X−) admits a handle decomposition with
exactly one 0-handle if ∂X− = ∅, or no 0-handles if ∂X− 6= ∅. Dually,
we can also assume that there is only one n-handle if ∂X+ = ∅ and
zero n-handles if ∂X+ 6= ∅.
1.1.4. Homology from handles. Consider a k-handle h attached
to a compact manifold X. There is a deformation retraction of X ∪φ h
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onto X ∪φ|
∂Dk×{0} D
k ×{0}. This means that, up to homotopy, attach-
ing a k-handle is the same that attaching a k-cell, and we can think
about handles as thickened cells.
So, in order to compute the homology of a smooth and compact
manifold pair (X, ∂X−), we consider a handle decomposition induced
by a self-indexing Morse function. Next we define the group Ck(X, ∂X−)
of relative k-chains as the abelian group freely generated by the k-
handles. The boundary operator
∂∗ : Ck(X, ∂X−) −→ Ck−1(X, ∂X−)
is defined as the connecting map in the long exact homology sequence
of the triple (Xk, Xk−1, Xk−2), where Xi is the union of the handles
with index ≤ i. In terms of the basis of k-handles, ∂∗ can be expressed
esplicity by the formula ∂∗h =
∑
(Bi ·A)hi, where Bi ·A is the algebraic
intersection number between the belt sphere Bi of the (k − 1)-handle
hi and the attaching sphere A of the k-handle h.
The quotient Ker∂∗/Im∂∗ is isomorphic 3 to the homology group
H∗(X, ∂X−;Z), in particular H∗(X;Z) = H∗(X,∅;Z).
1.1.5. Low-dimensional handles. In this work we will deal only
with three and four-dimensional manifolds. In both these cases there
is an easy way to encode handle attachments.
Let then n be equal to 3 or 4. We start by considering the somehow
special cases of 0 and n-handles. Given a Morse function f for an n-
dimensional, compact manifold X, index 0- and n-handles corresponds
respectively to local minima and maxima of f . The attaching sphere
of a n-dimensional 0-handle D0×Dn is ∂D0×Dn = ∅. Thus adding a
0-handle to an n-manifold is the same as taking the disjoint union with
a n-ball Dn, and has the effect of adding a spherical boundary compo-
nent to the manifold. An n-handle is a copy of Dn×D0 attached along
a sphere Sn−1×D0 = Sn−1×{p}. Attaching it means filling a spherical
boundary component with an n-ball, and since ([16]) every diffeomor-
phism of the (n − 1)-sphere is isotopic to the identity if n ≤ 4, there
is a unique way to attach n-handles in the cases considered. Attaching
an n-handle to a 0-handle via the identity map gives Sn as result.
The attaching sphere of a 1-handle is the pair of points ∂D1×{0}.
If the boundary of the manifold is connected and nonempty, there is a
3For further details see [11]
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unique isotopy class of attaching maps φ : ∂D1 × {0} −→ ∂X. More-
over, there are exactly two framings one can choose, and only one of
them produces an orientable manifold.
A n-dimensional 2-handle is a copy of D2 × Dn−2 attached along
the sphere S1 × {0}, or in other words to a knot in ∂X. If n = 3,
there is only one choice of framings: it is enough to specify the iso-
topy class of the image φ(S1 × {0}) in order to determine the result.
If n = 4, framings for 2-handles are in bijection with the set of integers.
1.2. 3-manifolds and Heegaard diagrams
Handle decompositions and Morse functions provide a simple way
to build 3-manifolds, that will be used extensively in this thesis.
1.2.1. Closed 3-manifolds. Let’s consider handle decompositions
of closed, oriented 3-manifolds. For what we have seen in Sections 1.1.2
and 1.1.3, we know that a closed orientable 3-manifold M admits a han-
dle decomposition with only one 0-handle and one 3-handle.
The union of the 0-handle with the 1-handles is diffeomorphic to
the genus-g handlebody \gS1×B2, where g is the number of 1-handles.
The attachment of the 2-handles does not depend on the choice of the
framings, and there is only one way to attach the 3-handle. Therefore
we have completely determined the resulting 3-manifold M once we
specify the attaching circles of the 2-handles.
By turning the decomposition upside down, one notices that the
union of 2-handles with the 3-handle is again diffeomorphic to a genus-
k handlebody \kS1 ×B2. Since {0-handle ∪1-handles } and {3-handle
∪2-handles } must have the same boundary, we have g = k.
We have obtained a decomposition of M into two handlebodies of the
same genus, glued together along their boundary. Such a decomposi-
tion is known as a Heegaard splitting of M , and g is the genus of the
splitting.
Call the two handlebodies coming from the splitting respectively H1
and H2. Their intersection and common boundary is a closed genus-
g surface Σg, known as Heegaard Surface for M . We will refer to a
Heegaard splitting for M by indicating the triple (Σg, H1, H2).
Remark 1.10. The 3-manifold M is determined once we know the
genus g of the two handlebodies H1 and H2, and the isotopy class of
the attaching map φ : ∂H1 −→ ∂H2.
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Remark 1.11. Equivalently, one can recover the same construction
focusing on the Morse functions point of view instead. Let’s take a
Morse function f for M with only one maximum and minimum, and
with critical values arranged by increasing order. We can suppose that
index 1 critical values lie at t = 1 ∈ [0, 3], and index 2 critical points in
t = 2 ∈ [0, 3]. Then, the handlebodies H1 and H2 will be respectively
f−1([0, 3/2]) and f−1([3/2, 3]).
There is diagramatic way to encode the informations of a Heegaard
splitting for a closed 3-manifold.
Definition 1.12. Suppose H is a 3-dimensional handlebody of
genus g; let D = D1 ∪ D2 ∪ · · · ∪ Dg be a disjoint union of prop-
erly embedded disks in H. Denote by N(D) a tubular neighborhood of
D in H. The collection D is said to be a system of compressinng disks
if H \N(D) is diffeomorphic to a 3-ball. The set of curves ∂D is called
a defining set of curves for H.
The name defining set of curves is justified by the fact that we can
recover the handlebody from them: if we take the product ∂H×I, and
then we attach g 2-handles along each of the curves in ∂D to ∂H×{1},
the result is a 3-manifold with two boundary components: ∂H × {0}
and a 2-sphere S2 on the other side. We can finally get the handlebody
H after capping the spherical hole with a 3-handle.
Definition 1.13 (Heegaard Diagram). A genus-g Heegaard dia-
gram for a Heegaard splitting of a 3-manifold M is a triple (Σg, α, β)
where Σg is a genus-g closed surface, and α and β are two sets of g
disjoint simple closed curve, where α is a defining set of curves for H1
and β is a defining set of curves for H2.
Remark 1.14. Any triple (Σg, α, β) as above defines an Heegaard
diagram for some Heegaard splitting, under the condition that cutting
the surface Σg along either the α’s or the β’s produces a connected
surface.
Conversely, from an Heegaard Diagram one can obtain a splitted,
closed 3-manifold. To do this, we take the product Σg × I, then we
attach 2g 2-handles to its boundary Σg × {0, 1} in a way specified by
the curves α and β. More precisely, one has to attach g 2-handles on
Σg × {0} along the curves α× {0} and g 2-handles on Σg × {1} along
the curves β × {1}. Once the 2-handles are attached, the manifold
obtained has two spherical boundary components that can uniquely
be filled with two 3-handles. Recall that there is only one way up to
diffeomorphism to attach 3-handles ([16]). The resulting manifold will
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Figure 1.3. Heegaard diagrams for S3 (left) and S1 × S2 (right).
be denoted by M(Σg, α, β).
M(Σg, α, β) has an obvious Heegaard decomposition, in which the
handlebody H1 is the union of one of the 3-handles and the 2-handles
defined by the α curves, while H2 is the union of the other 3-handle
with the β’s handles, and it is easy to see that the α and β curves are
in fact defining sets of curves respectively for H1 and H2. Moreover,
it is a classical result (see [26] for a reference) that the attaching map
φ : ∂H1 −→ ∂H2 is determined up to isotopy by the two sets of curves.
M(Σg, α, β) has a handle decomposition with only one 0-handle and
one 3-handle, and g 1-handles and 2-handles; the α curves represent
the belt spheres of the 1-handles, and the β the attaching spheres of
the 2-handles.
Although every Heegaard diagram determines a single Heegaard
splitting, every Heegaard splitting admits infinitely many distinct Hee-
gaard diagrams. In order to produce a diagram from an Heegaard
splitting, it is enough to choose two sets of defining curves, one for H1
and one for H2, and the following hold:
Proposition 1.15 ([14]). Two Heegaard diagrams (Σg, α, β) and
(Σg, α
′, β′) determine the same splitting if and only if there are se-
quences of handle slides taking α to α′ and β to β′.
In the left part of Figure 1.3 a diagram representing the three sphere
is shown. This Heegaard diagram will be called the standard Heegaard
diagram for S3.
We are frequently going to use a special kind of simple Heegaard
diagrams during the thesis:
Definition 1.16. A Heegaard diagram (Σg, α, β) of genus g is said
to be (g, k)-standard if the α = {α1, . . . , αg} and the β = {β1, . . . , βg}
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curves can be indexed so that the following conditions hold (see Figure
1.4):
• αi = βi if i ≤ k;
• |αi ∩ βj| = δi,j if i, j > k.
Such a diagram defines a genus-g Heegaarad splitting for ]kS1×S2
for all k ≤ g (where we define ]0(S1× S2) = S3). In fact, it is the only
genus g Heegaard splitting for ]kS1 × S2 (up to isotopy) according to
the following result of Waldhausen:
Theorem 1.17 ([28]). Suppose M = ]kS1×S2. Then, for all g ≥ k
there is only one (up to isotopy) genus-g Heegaard splitting for M .
The connected sum operation extends naturally to Heegaard split-
tings: in order to produce an Heegaard splitting for the connected
sum M]M ′ it is enough to consider the boundary connected sum be-
tween the handlebodies. The same holds also for Heegaard diagrams:
if (Σ, α, β) and (Σ′, α′, β′) are Heegaard diagrams for M and M ′, then
a diagram for M]M ′ is given by
(Σ]Σ′, α ∪ α′, β ∪ β′)
Definition 1.18. Let (Σg, H1, H2) be a Heegaard splitting for the
closed 3-manifold M , and (Σ′g′ , H
′
1, H
′
2) a Heegaard splitting for the
closed 3-manifold M ′. Then there is a natural Heegaard splitting for
M]M ′ given by (Σg]Σ′g′ , H1\H
′
1, H2\H
′
2).
A (g, k)-standard Heegaard diagram (as in Figure 1.4) is the con-
nected sum between k copies of the diagram for S1 × S2 (in the right
part of Figure 1.3) and g − k copies of the one representing S3 (in the
left part of Figure 1.3).
Let δ denote the curve on Σg]Σ
′
h that determines the decomposition
Σg]Σ
′
h. This curve bounds disks D1 ⊂ H1\H ′1 and D2 ⊂ H2\H ′2.
Definition 1.19. An Heegaard splitting (Σg, H1, H2) is reducible
if there exists a curve δ ∈ Σg that bounds two disks D1 ⊂ H1 and
D2 ⊂ H2. In this case the curve δ is called a reducing curve.
The following classical result due to Haken ([13]) insures that every
Heegaard splitting of a reducible4 3-manifold is reducible.
4A 3-manifold M is irreducible if every smooth embedded 2-sphere in it bounds
a 3-ball, and is called reducible otherwise. An irreducible 3-manifold is also prime,
that is, it cannot be decomposed as a connected sum M = M1]M2 of two manifolds
neither of which is S3. The only closed and orientable 3-manifold that is prime and
reducible, is S1 × S2.
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Figure 1.4. The (g, k)-standard Heegaard for ]k(S1 ×
S2). In red the α curves, in blue the β’s.
Theorem 1.20 ([13]). If M is a reducible 3-manifold with Heegaard
surface Σ, then there is a reducing sphere5 S for M that meets Σ in a
single reducing curve.
The last operation on Heegaard splittings that we will need is sta-
bilization.
Definition 1.21 (Stabilization). Let (Σg, H1, H2) be a genus-g Hee-
gaard splitting for M , and let ω be a properly embedded boundary par-
allel arc in H2, and N(ω) a tubular neighborhood for ω in M . Then
H ′1 = H1 ∪N(ω) and H ′2 = H2 \N(ω) define a new Heegaard splitting
for M , called the stabilization of the previous one, of genus g + 1.
A diagram for the new splitting is given by the connected sum be-
tween the diagram we started with and the standard Heegaard diagram
for S3 represented in Figure 1.3.
Two different Heegaard splittings for a manifold M are called stably
isotopic if they are isotopic after being stabilized both some numbers
of times. The following theorem is a classical result in the theory of
3-manifolds due to Reideimester and Singer:
5A reducing sphere in a 3-manifold M is a 2-sphere embedded in M that does
not bound a 3-ball. Thus, such a sphere either does not separate the 3-manifold or
gives a nontrivial connected sum decomposition.
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Theorem 1.22. Any two Heegaard splittings for a fixed manifold
are stably isotopic.
1.2.2. Compact 3-manifolds. The definition of Heegaard split-
ting can be generalized to compact 3-manifolds using compression bod-
ies.
Definition 1.23. Let Σg be a closed, orientable, genus-g surface.
A compression body is a compact three manifold H constructed from
Σg×I by attaching 2-handles to Σg×{0} and capping off any resulting
spherical boundary component with three-balls. We define ∂+H = Σg×
{1}, and ∂−H = ∂H \ ∂+H.
Definition 1.24. Let M be a compact, connected, orientable 3-
manifold. A genus-g Heegaard splitting for M is a triple (Σg, H1, H2)
such that M = H1 ∪H2 and the following conditions hold:
• Hi is a compression body for i = 1, 2;
• Σg = H1 ∩ H1 = ∂+H2 = ∂−H2 is a closed and orientable
genus-g surface.
It’s a classical result that compact 3-manifolds always admit an
Heegaard splitting.
Theorem 1.20 (Haken’s Lemma) can be generalized to compact 3-
manifolds:
Theorem 1.25. [13] Let M be a compact 3-manifold with Hee-
gaard splitting (Σ, H1, H2), where H1 and H2 are compression bodies.
Consider a properly embedded disk D in M . Then there exists a disk
D′ ⊂M such that ∂D = ∂D′ and D′∩Σ is a single simple closed curve.
1.3. 4-manifolds and Kirby diagrams
A Kirby diagram is a practical way to describe 4-manifolds with a
sort of link diagram in R3. We will consider first the case of a compact
4-manifold X with ∂X− = ∅.
We already know from Section 1.1 that a smooth 4-manifold X with
∂X− = ∅ admits a handle decomposition with only one 0-handle and
one or no 4-handle, depending on whether ∂X+ = ∅ or not. Given
such an handle decomposition, we start by considering the 0-handle,
which has as its boundary the three sphere S3 = R3 ∪ {∞}: we will
produce a diagram by representing the attaching regions of each of the
remaining handles in R3.
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Figure 1.5. The two equivalent representations of 4-
dimensional 1-handles.
We know that 1-handles have the disjoint union of two 3-balls
D3 ∪ D3 as attaching regions. We can draw each of them as a pair
of 3-balls in R3. However, this notation may cause some technical
problems related to framings on 2-handles passing through them. We
will now introduce another notation, due to S. Akbulut, (see [2], [3])
that overcomes these problems.
Recall from Section 1.1 that a 1-handle can be cancelled by attach-
ing a 2-handle, with the condition that the belt sphere of the 1-handle
intersects geometrically exactly once the attacching sphere of the 2-
handle. Thus, attaching a 1-handle to the boundary of a 4-manifold
gives the same result as removing a dual 2-handle. It’s easy to prove
that the cocore of the cancelling 2-handle is an unknotted 2-disk in
X, bounded by a circle. Thus, adding a 1-handle is the same as re-
moving a tubular neighborhood of that disk. Instead of drawing the
attaching balls, one can decide to represent 1-handles by drawing their
belt-sphere circles. To avoid confusion with attaching spheres of 2-
handles, we label the 1-handles’ circles with dots, as shown in Figure
1.5.
As in the 3-dimensional case, the union of the 0-handle with the
1-handles X1 is diffeomorphic to \
nS1 ×D3, where n is the number of
1-handles. We now have to add 2-handles along framed circles, that
in R3 might be knotted and linked (see Figure 1.6). Moreover, once
we have drawn the attaching circles, we still have to deal with their
framings. We already know that framings of 4-dimensional 2-handles
are in bijection with integers, however the bijection is not defined until
we decide which one must be associated with 0.
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Figure 1.6. Example of a Kirby diagram with one 1-
handle and a 2-framed 2-handle.
Remark 1.26 (Framings). Let K be a knot in an oriented 3-
manifold M . We can specify a framing for K by choosing a nowhere-
zero, transverse, vector field v to K, and then construct a new knot K ′
by pushing K in the direction of v. More precisely, if
φ : S1 ×D2 −→ ∂X1
is the attaching map, we want K to be φ(S1×0) and K ′ to be φ(S1×p)
for some p ∈ D2 6= 0. Once we choose one framing to be the zero
framing, in order to get the framing corresponding to any other n ∈ Z
we can simply add n twist to the parallel copy K ′.
A common choice is to decide that the 0-framing is the one coming
from the Seifert longitude6 K of the attaching circle of the 2-handle
(this is well defined, since the attaching circle is a knot in S3). The
framing coefficient is the linking number7 between K and K ′, where K ′
is a parallel copy of K determined by a vector field v as before. Then,
we can unambigously represent the framed knot with the correspond-
ing diagram of the knot labeled with the framing coefficient.
Remark 1.27. Another convenient choice of framing is the black-
board framing, which is defined by choosing a diagram for K and taking
the frame induced by a pushoff of the diagram in the projection plane.
The framing coefficient of the blackboard framing for a knot K equals
the sum of signs of self-crossings of K.
6The Seifert longitude for a knot K ∈ S3 is the only curve (up to isotopy) that
bounds a disk in S3 \ µK , where µK is a tubular neighborhood for K in S3.
7The linking number between two knots K and K ′ in S3 (which we denote by
lk(K,K ′)) can be defined in several distinct ways. Intuitively, the linking number
represents the number of times that each curve winds around the other.
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Figure 1.7. Example of a 1-handle slide. The vertical
lines are portions of the attaching circles for some 2-
handles, intersecting the cocore of the 1-handles.
Thanks to results of [16], we know that there is at most one smooth
4-manifold X with ∂X+ = ∅ that can be obtained by attaching 3-
and 4-handles to the union X2 of 0-, 1-, and 2-handles. Similarly, if
∂X+ 6= ∅ but it is connected, and X is simply connected, then X is
determined by X2 and the number of 3-handles.
We understand that most of the complexity of a 4-manifold is due
to its 2-handles. For example, the following holds:
Proposition 1.28 ([11]). Let L be a framed link ⊂ S3 determining
the attachment of the 2-handles in a 4-manifold X. If X admits a
handle decomposition without 1- and 3-handles, then the intersection
form admits a matrix equal to the linking matrix8 of L.
1.3.1. Handle moves. It is convenient to describe handle pair
creations/cancellations and handle slides in the context of Kirby di-
agrams. We are going to discuss briefly some of the moves that are
allowed.
Let’s try now to understand how to slide a 1-handle h1 over another
1-handle h2. To produce the sliding, it is enough to push one of the
attaching balls of h1 through h2. In Figure 1.7 is shown the move using
the Akbulut notation.
The case of 2-handles is a little trickier. The procedure is shown in
Figure 1.8. We are considering two 2-handles, h1 and h2. Their attach-
ing spheres are the framed knots K1 and K2, with framing coefficients
n1 and n2, determined by parallel curves K1 and K2. We slide h1 by
forming a band sum of K1 and K2.
8The linking matrix of an oriented, framed link L = L1 ∪ · · · ∪Ln is the matrix
with entries ai,j = lk(Li, Lj). if i 6= j, and ai,i is the framing coefficient of Li.
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Figure 1.8. Example of a 2-handle slide: we have n1 =
3, n2 = 1. The red curve K2 represents the framing of
K2. In the bottom of the picture, the result of sliding
h1 over h2 is shown. The new framing of h1 is given by
1 + 3 + lk(K1, K2) = 4
The new framing coefficient fr(h1) of h1 can be computed by the
following formula:
fr(h1) = n1 + n2 ± 2lk(K1, K2)
where the sign ± depends on whether or not the sum respects the ori-
entation of K2.
Cancelling pairs of handles are shown in Figure 1.9. Note that, in
the left part of the figure, the attaching circle of the 2-handle intersects
the interior of the disk bounded by the dotted circle once, as required.
The only complication in the 1, 2-case occurs when there are other 2-
handles running over the 1-handle. In this case we can reduce to the
previous situation by sliding the extra handles over the cancelling 2-
handle.
For further details we suggest Chapters 4 and 5 of [11].
1.3.2. Relative Kirby diagrams. Let’s now return to the gen-
eral case, in which ∂X− 6= ∅. Recall that a handle decomposition for
the compact pair (X, ∂X−) is constructed starting from ∂X−× I, then
adding handles. We can always assume ∂X− to be connected (see again
[11]). Thus, we need first to find a way to describe the 3-manifold ∂X−
by a drawing in R3. This can be done using surgery diagrams.
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Figure 1.9. From the left, a model for a 1-2 and a 2-3
cancelling-handle pair. It was proved in [11], that any
cancelling 2-3 pair can be made to look like the one in
the picture, by suitably sliding the 2-handles.
1.3.2.1. Surgery presentation of 3-manifolds.
Definition 1.29. Let K be a knot in a 3-manifold M , and let νK
be a tubular neighborhood for K in M . A Dehn surgery on K is the
operation of removing νK form M and gluing back S
1 × D2 by any
diffeomorphism φ of the boundary torus ∂(M \ νK) ∼= S1 × S1.
If M is a closed 3-manifold, performing a Dehn surgery still yields
a closed 3-manifold. Moreover, it is easy to prove that the result of a
Dehn surgery on a knot K ∈ S3 is completely determined by the knot
labeled with an element of Q ∪ {∞}, known as surgery coefficient.
This can be seen by the recalling that the group of self-diffeomorphisms
up to isotopy of the torus S1×S1 is isomorphic to GL(2,Z). Moreover,
the attachment of the solid torus S1×D2 is completely determined once
the homology class α of φ({pt} × ∂D2) in H1(∂νK ,Z) is specified. We
choose the basis for H1(∂νK ,Z) given by the meridian µ and the Seifert
longitude λ. In this basis, α = p[µ] + q[λ] for a unique pair of coprime
integers (p, q). Reversing the orientation of K or α changes the signs
of both p and q but does not affect the result of the surgery. Thus, we
can equivalently consider the rational number p/q instead of the pair
(p, q). If p/q ∈ Z we call the surgery integral. Note that a surgery with
coefficient∞ is trivial. We suggest [26] for further details on this topic.
A classical result due to Lickorish [19] and Wallace [29] states that
every closed, connected and oriented 3-manifold can be obtained by
integral surgery on a link in S3. Since integral Dehn surgery admits
an interpretation as (the boundary of) the attachment to B4 of 4-
dimensional 2-handles (see Chapter 4,5 of [11]), this implies that every
closed 3-manifold is the boundary of a simply connected 4-manifold.
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1.3.2.2. Relative Kirby calculus. To describe (X, ∂X−) with ∂X− 6=
∅, we begin by describing the 3-manifold ∂X− by integral surgery, then
we interpret the diagram as ∂X− × {1} ⊂ ∂X− × I. After that, using
the previous notation, we can add the remaining handles to the dia-
gram, obtaining a Kirby diagram superimposed on a surgery diagram.
To avoid confusion, it is a common choice to put brackets around the
surgery coefficient of ∂X−.
We conclude this chapter by showing how to construct a Kirby
diagram for a smooth, compact 4-manifold that we are going to use
extensively: Σg × D2, where Σg is a closed and orientable surface of
genus g.
We start by explicitly constructing the diagram when g = 1, i.e.,
when the surface Σ is the torus T = S1 × S1. Consider the standard
handle decomposition for T, composed by one 0- and one 2-handles,
and 2 1-handles, as in Figure 1.10. A handle decomposition for T×D2
is given by taking each handle in the handle decomposition for T cross
D2. The 0-handle of T lies in the 0-handle of T×D2 as a disk whose
interior has been pushed into D4 (see Figure 1.11). We attach the 1-
handles of T ×D2 so that they contain the 1-handles of T. Since the
attaching circle of the 4-dimensional 2-handle must be the same as the
2-dimensional one, we are done once we label the circle in the middle
of Figure 1.11 with 0.
Now, we obtain the diagram on the right-hand side of Figure 1.11
by passing to the Akbulut notation for the 1-handles.
Since Σg = ]
g(S1 × S1), it must be now clear enough that the
diagram in Figure 1.12 represents the manifold Σg×D2 (we are making
connected sum of g copies of the diagram in Figure 1.11).
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Figure 1.10. An handle decomposition of T.
Figure 1.11. Kirby diagram for T×D2. From the left,
the 0-handle of T ×D2, a Kirby for T ×D2 diagram in
the round balls notation, a Kirby diagram for T×D2 in
the Akbulut notation.
Figure 1.12. Kirby diagram for Σg×D2. There should
be g pair of 1-handles, although only 2 pair are drawn.

CHAPTER 2
Trisections
2.1. Trisections
Trisections, recently defined by D. Gay and R. Kirby in [10], pro-
vide a 4-dimensional analogue of Heegaard splittings. A trisection is a
decomposition of a 4-manifold into three standard pieces, each diffeo-
morphic to a 4-dimensional handlebody of genus g , i.e. the boundary
connected sum \g(S1 × D3). In Gay and Kirby’s definition the three
pieces are meant to be of the same genus, however we are going to
work in a more general framework, following the setting of J. Meyer,
T. Schirmer and A. Zupan, ([20]).
Definition 2.1. Given integers 0 ≤ k1, k2, k3 ≤ g, a (g, k1, k2, k3)-
trisection of a closed, connected and oriented, 4-manifold X is a de-
composition of X into three pieces X = X1 ∪X2 ∪X3 such that:
(1) Xi is a 4-dimensional handlebody of genus ki for each i =
1, 2, 3;
(2) Hi,j = Xi ∩ Xj is a 3-dimensional handlebody of genus g for
i 6= j;
(3) Σg = X1 ∩X2 ∩X3 is a closed, orientable surface of genus g.
The genus g of the surface Σg will be called the genus of the trisec-
tion.
If k1 = k2 = k3 = k we will call the trisection balanced and talk
about a (g, k) trisection. Otherwise we will call the trisection unbal-
anced.
The handlebodies Hi,j and Hh,i form a genus-g Heegaard splitting
for the closed 3-manifold ∂Xi ∼= ]ki(S1 × S2), with Heegaard surface
given by the triple intersection Σg. In Figure 2.1 a schematic represen-
tation of a trisection is shown. The red arcs represent the handlebodies:
they intersect in a point in the center of the disk, reproducing the sur-
face Σg.
Remark 2.2. If the 4-manifold X admits a balanced trisection,
then the handle decomposition defined by the splitting X = X1 ∪X2 ∪
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Figure 2.1. A schematic representation of a trisection.
X3 allows us to easily compute the Euler characteristic of X.
χ(X) =
∑
(χ(Xi))−
∑
(χ(Xi ∩Xi+1)) + χ(X1 ∩X2 ∩X3) =
= 3(1− k)− 3(1− g) + 2− 2g = 2 + g − 3k
That is, k is determined by g and the manifold X. In the unbalanced
case, an analogous computation gives:
χ(X) = 2 + g − (k1 + k2 + k3)
2.1.1. Trisection diagrams. Similary to what happens for Hee-
gaard splittings, a (g, k1, k2, k3)-trisection for a closed 4-manifold X can
be encoded with sets of curves on a surface.
Consider the handlebodies Hi,j = Xi ∩Xj and the genus-g surface
Σg. The surface is the triple intersection of the three pieces, and the
boundary of each of the 3-dimensional handlebodies Hi,j. A choice of
a system of compressing disks for each of the handlebodies gives three
sets of g curves α = (α1, . . . , αg), β = (β1, . . . , βg) and γ = (γ1, . . . , γg)
on the surface Σg such that α is a defining set of curves for H1,2, β for
H2,3 and γ for H3,1.
Moreover, each pair (α, β), (β, γ) and (γ, α), together with the sur-
face Σg, gives an Heegaard diagram for one of the three boundaries
∂Xi ∼= ]ki(S1 × S2).
Definition 2.3. A (g, k1, k2, k3)-trisection diagram is a 4-tuple
(Σg, α, β, γ) such that the triples (Σg, α, β), (Σg, β, γ), and (Σg, γ, α)
are genus-g Heegaard diagrams for ]k1S1×S2, ]k2S1×S2 and ]k3S1×S2
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Figure 2.2. This picture describes the simplest bal-
anced nontrivial trisection of S4. The red curves are the
α curves, the blue ones are the β’s and the green are the
γ’s.
respectively. We will denote by X(Σg, α, β, γ) the 4-manifold obtained
from the corresponding diagram.
X(Σg, α, β, γ) is constructed in the following way: take the product
Σg × D2 and then attach 3g 4-dimensional 2-handles along α × {1},
β×{e2pii/3} and γ×{e4pii/3}, with the framings induced by the surfaces
Σg × {1},Σg × {e2pii/3},Σg × {e4pii/3}. After this procedure we are left
with a 4-manifold with boundary. There is at most one smooth, closed
and orientable 4-manifold (see [16]) (up to diffeomorphism) that we
can obtain by attaching 3- and 4-handles.
Example 2.4. Consider the 4-sphere S4 as a subset of C × R3.
A genus 0 balanced trisection for S4 is given by considering the three
pieces
Xj = {(reiθ, x3, x4, x5) ∈ S4|2pij/3 ≤ θ ≤ 2pi(j + 1)/3}
In this case the diagram associated is the 2-sphere with no curves drawn
on it.
Related to the previous one by a move known as stabilization (that
we will present in Section 2.3) is the diagram in Figure 2.2, that also
represents S4. Moreover, it will turn out to be the simplest balanced
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Figure 2.3. A trisection diagram with standard α and
β curves (red and blue respectively); only one γ curve is
drawn, although there should be g of them.
non-trivial diagram for S4.
Consider a trisection diagram (Σg, α, β, γ), and recall Definition
1.16 of a (g, k)-standard Heegaard diagram.
Since each of (Σg, α, β), (Σg, β, γ) , and (Σg, γ, α) is a Heegaard dia-
gram for the connected sum of, respectively, k1, k2 and k3 copies of
S1× S2, after sequences of handle slides, each of them can be made to
look like the (g, ki)-standard Heegaard diagram for ]
ki(S1× S2). How-
ever, it is generally impossible to arrange each of the diagrams to be
simultaneously standard.
Definition 2.5. A trisection diagram (Σg, α, β, γ) is called stan-
dard if each of the three Heegaard diagrams (Σ, α, β), (Σ, β, γ) and
(Σ, γ, α) is standard. A trisection is standard if it admits a standard
trisection diagram.
Even though we cannot generally expect that a given diagram can
be arranged to be standard, we can always make the diagram (Σg, α, β)
(g, k1)-standard. See Figure 2.3 for an example of a (g, k) balanced tri-
section diagram for a 4-manifold X, in which we arranged the α and β
curves to be standard. For simplicity, only one of the γ curves is drawn.
In order to produce a trisection diagram, once we have arranged
the α and the β curves to be standard, the γ curves can be drawn
anywhere. The only condition is that some sequence of handle slides
of the γ curves amongst the γ’s and of the α curves amongst the α’s,
followed by some diffeomorphism of Σg, can make the γ and α curves
look like the α and β curves. The same obviously holds also for the β’s
and the γ’s, with different slides and diffeomorphism.
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We will show later (in Section 2.4) that if a trisecton diagram is
arranged as described above, most of the properties of X are encoded
in the γ curves. In fact, starting from a trisection diagram, we will
see how to produce a Kirby diagram for X(Σg, α, β, γ) in which the γ
curves form the attaching link for the 2-handles.
In Chapter 3 we will prove that trisections actually exist:
Theorem 2.6 (D. Gay and R. Kirby, [10]). Every closed, orientable
and connected, smooth 4-manifold X4 admits a balanced trisection.
The construction we will use to prove Theorem 2.6 gives as an
immediate consequence the following:
Corollary 2.7. Consider a (g, k)-trisection for a closed 4-manifold
X. Then, g and k are such that X admits a handle decomposition with
one 0-handle, k 1-handles, g − k 2-handles, k 3-handles and one 4-
handle.
Remark 2.8. There are some easy consequences of the handle
decomposition of Corollary 2.7. First, if a closed 4-manifold X ad-
mits a (g, g)-trisection, then it has a handle decomposition without
2-handles. Then, by results on [16], we obtain that X is diffeomorphic
to ]g(S1 × S3) (where we set ]0(S1 × S3) = S4). It follows that there
exists a unique genus-0 trisection, that is precisely the trivial genus-0
trisection of S4 mentioned in example 2.4.
If instead k = 0, the 4-manifold X has a handle decomposition without
1- and 3-handles, the three pieces Xi are all diffeomorphic to the 4-ball
D4, and X is simply connected.
2.2. Examples: genus-1 trisections
It is not hard to show that there are few closed 4-manifolds ad-
mitting a genus 1-trisection. In this section we are going to classify
all of genus 1-trisections, both in the balanced and unbalanced case.
Moreover, they will all turn out to be standard.
2.2.1. Balanced genus-1 trisections. Consider a (1, k) trisec-
tion (Σ, X1, X2, X3) for a smooth 4-manifold X. The associated dia-
gram will be given by the quadruple (T, α, β, γ), where T is the torus
S1 × S1, and α, β, γ are three simple closed curves on it. Recall that
in a trisection k ≤ g holds. Thus, if the genus of the trisection is 1, we
have two possibilities: k = 0 or k = 1. If k = 0, each of the three pieces
Xi of the induced trisection X(T, α, β, γ) = X1 ∪X2 ∪X3 will be dif-
feomorphic to D4. Instead, if k = 1 Xi will be diffeomorphic to S
1×B3.
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Figure 2.4. The standard genus-g Heegaard diagrams
for S3 (on the left) and for S1 × S2 (on the right).
From the previous discussion, we know that after a sequence of han-
dle slides, we can arrange the curves α and β to be standard. That is, if
k = 0, we want (T, α, β) to be the standard genus-1 Heegaard diagram
for S3. If k = 1 (T, α, β, γ) will be the standard genus-1 Heegaard
diagram for S1 × S2 (see Figure 2.4).
We consider the case k = 0 first. We know that in order to produce
a (1, 0)-trisection, the curve γ must be such that both (α, γ) and (β, γ)
define an Heegaard diagram for the three sphere S3. Consider the basis
for H1(T;Z) given by the meridian µ and a longitude1 λ. With this
convention we can represent each isotopy class of a simple closed curve
a on the torus with an ordered pair of coprime integers (p, q), meaning
that the curve a represents the element [a] = pµ+ qλ ∈ H1(T;Z).
In this basis, the curve α represents the element [α] = (1, 0), and the
curve β the element [β] = (0, 1) in H1(T;Z). It is well known that the
only orientable and closed, 3-manifolds that admit a genus 1-Heegaard
splitting are lens spaces, S3 and S1 × S2. Moreover, starting with α
fixed as in Figure 2.4, there are only few choices for γ (up to isotopy or
diffeomorphism of T) in order to produce a diagram representing S3:
[γ] = (0,±1) = ±[β] or [γ] = (1,±1). Note that we can not choose
γ to be [γ] = (0,±1), otherwise (β, γ) would represent a diagram for
S1 × S2, not for S3 as wanted.
Thus, we can conclude that there exist only two (1, 0)-trisection
diagram (up to isotopy and diffeomorphism of T), that are shown in
Figure 2.5.
1For simplicity we can think about the torus as embedded in S3, and choose
the Seifert longitude as generator.
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Figure 2.5. The three possible genus-1 trisection dia-
grams. From the left: CP2, CP2 and S1 × S3.
The case with k = 1 is even simpler. Consider a (1, 1)-trisecting di-
agram, with α and β as in Figure 2.4. Proceeding as before, we take the
basis (µ, λ) for H1(T;Z). Now, in this basis, we have [α] = [β] = (1, 0).
We want to find every simple closed curve γ on T such that (α, γ),
(β, γ) defines an Heegaard diagram for S1 × S2. With the same argu-
ments used in the k = 0 case, we can see that the only choice allowed
for γ with these conditions is [γ] = (1, 0). We can conclude that there
is only one (1, 1)-trisection diagram up to isotopy and diffeomorphism
of T. The diagram is shown in the right part of Figure 2.5.
It is quite easy to show that the diagrams in Figure 2.5 represent
respectively CP2,CP2 and S1 × S3. In Figure 2.6, there is a sketch for
the proof that the third diagram represent S1 × S3.
Figure 2.6 (a) show a Kirby diagram for the compact manifold T×D2.
The attaching circles for the 2-handles defined by α, β e γ are three
0-framed unknots, linked to one of the two 1-handles of T×D2 as de-
scribed in Figure 2.6 (b).
Then, we perform a 1-2 handle-cancellation, and we are left with
Figure 2.6 (c). Now, all the remaining zero framed 2-handles cancel out
with three 3-handles. Finally, we are left with Figure 2.6 (d), which
represents S1 × S3.
2.2.2. Unbalanced genus-1 trisections. In the unbalanced case,
up to permutation of k1, k2 and k3, there are only two possibilities for a
genus-1 trisection. In fact, we can only have a (1, 1, 0, 0)- or a (1, 1, 1, 0)-
trisection. As before, we analyze each case separately.
Consider a (1, 1, 0, 0)-trisection X = X1 ∪X2 ∪X3, with trisection
diagram given by (T, α, β, γ). The fact that k1 = 1 and k2 = k3 = 0
implies that X1 is diffeomorphic to S
1×D3, while X2 and X3 are both
diffeomorphic to B4. Furthermore, the Heegaard diagram (T, α, β)
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Figure 2.6. The lower-right diagram represents S1 × S3.
Figure 2.7. The three possible genus-1 unbalanced tri-
section diagrams.
must represent the three manifold S1×S2, while (T, β, γ) and (T, γ, α)
are both diagrams for S3.
If we proceed as in the balanced case, it’s easy to see that there
is only one diagram (up to diffeomorphisms of T and isotopies) with
these parameters, shown in the right part of Figure 2.7. Changing the
roles of k1, k2 and k3 gives the other two diagrams in Figure 2.7.
Moreover, it is quite obvious that all of these three diagrams repre-
sent the 4-sphere S4. In Figure 2.8 we see a sketch of the proof of this
fact. The procedure is exactly the same as in the case of S1 × S3 in
Figure 2.6.
A trisection diagram (T, α, β, γ) for a (1, 0, 1, 1)-trisection must be
such that two of the three associated Heegaard diagrams represent
S1 × S2, while the third has to be a Heegaard diagram for S3. If we
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Figure 2.8. All the three unbalanced genus-1 trisec-
tion diagrams represent S4. In (c), the two 0-framed 2-
handles left cancel with two 3-handles. We are left with
a handle decomposition with only one 0-handle and one
4-handle that gives S4, as we said in Section 1.1.
assume that the α and β curves are arranged to form the standard
diagram for S3, then there are no possible choice for γ such that both
(T, β, γ) and (T, γ, α) are Heegaard diagrams for S1×S2. hence, there
is no possibility for a (1, 0, 1, 1)-trisection.
Remark 2.9. We can conclude that CP2, CP2, S1×S3 and S4 are
the only closed 4-manifolds that admit a genus-1 trisection. Moreover,
since all the diagrams we have produced are standard, all of these
trisections are also standard.
2.3. Stabilizations and reducibility
As one can easily guess, there are some stabilization moves that
allow one to pass from a given trisection X = X1∪X2∪X3 to another,
representing the same manifold X.
Moreover, continuing the analogy with Heegaard splittings, Gay and
Kirby showed in [10] that the analogue of the classical Redeimaster-
Singer Theorem (Theorem 1.22) holds for trisections as well.
Theorem 2.10 (Uniqueness, [10]). Any two trisections of a smooth,
closed, orientable 4-manifold X are stably isotopic. That is, if T =
(Σ, X1, X2, X3) and T ′ = (Σ′, X ′1, X ′2, X ′3) are two trisection for X,
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then after possibly stabilizing both of them some number of times, there
is a diffeomorphism φ : X −→ X isotopic to the identity such that
φ(Xi) = X
′
i for each i.
In what follows, we are going to describe these moves, while we
leave the proof of Theorem 2.10 until Section 3.4.
Definition 2.11 (i-Stabilization). Consider a trisection (either
balanced or not) for a 4-manifold X = X1 ∪ X2 ∪ X3, and let ωh,j
be a boundary parallel properly embedded arc in Hi,j = Xi ∩ Xj. Let
Nh,j be a 4-dimensional regular neighborhood of ωh,j in X, diffeomor-
phic to the 4-ball D4. An i-stabilization of the given trisection is a new
trisection X = X ′1∪X ′2∪X ′3 where X ′i = Xi∪Nh,j and Xj = Xj \Nh,j,
Xh = Xh \Nh,j. The opposite operation is called an i-destabilization.
Let’s now try to understand what is the effect of a stabilization. If
we restrict our attention to the 3-dimensional effect of an i-stabilization,
it’s easy to notice that the result is exactly the same as a stabilization
of the Heegaard diagram. That is, the genus of the handlebodies and of
the intersection surface Σ increase by one. This can be seen by viewing
the 4-dimensional neighborhood Nh,j in X of ωh,j as a 3-dimensional
neighborhood in Hh,j, cross the interval I = [0, 1]:
Nh,j ∼= ωh,j ×D3 × I
With that in mind, let’s try to understand what happens to the
three 4-dimensional pieces of the trisection after a stabilization. Con-
sider Xi first. The arc ωh,j is properly embedded in Hh,j, that is, only
its endpoints intersect the surface Σg. So, Xi intersects Nh,j in two
four dimensional balls in a neighborhood of its boundary. This means
that Nh,j is attached to Xi like a 4-dimensional 1-handle and that X
′
i
is simply Xi with one extra 1-handle attached, so X
′
i
∼= \ki+1S1 ×D3.
Instead, Nh,j ∩ Xj = ωh,j × D2 × [−1, 0] and Nh,j ∩ Xh = ωh,j ×
D2 × [0, 1], so removing Nh,j from both Xj and Xh means carving a
4-ball from them. The intersection of these balls with both ∂Xk and
∂Xj is a three dimensional disk. This operation does not change the
diffeomorphism type of the 4-dimensional handlebodies. So Xj ∼= X ′j,
and Xh ∼= X ′h. Figure 2.9 provides a visual rapresentation of an 1-
stabilization.
In Section 3.4 we will reinterpret the stabilization move in terms
of Morse 2-functions; we will also give an alternative proof of the fact
that the result of stabilizing a trisection is again a trisection for the
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Figure 2.9. A schematic interpretation of a 1-stabilization.
same manifold.
Summarizing all up, if we started with a (g, k1, k2, k3)-trisection,
after a 1-stabilization we end up with a (g+ 1, k1 + 1, k2, k3)-trisection.
This means that if we started with a balanced trisection (k1 = k2 = k3)
the result will not be balanced anymore. We can define a balanced
stabilization as the result of a simultaneous 1-,2- and 3-stabilization.
The effect of a stabilization will be to change a (g, k)-trisection in a
(g + 3, k + 1)-trisection.
Remark 2.12. Unlike the three dimensional analogue in Heegaard
splittings, the construction is not symmetric. In order to stabilize an
Heegaard splitting it does not matter if the arc ω is properly embedded
in H1 or H2, because the resulting stabilized Heegaard splittings are
equivalent. For trisections instead, the result of an i-stabilization is
not generally isotopic to the result of a j-stabilization whenever i 6=
j. However, any two i-stabilizations of a trisection produce isotopic
manifolds, and different stabilizations commute.
As for Heegaard splittings, the connected sum operation extends
naturally to trisections.
If the quadruples (Σ, X1, X2, X3) and (Σ
′, X ′1, X
′
2, X
′
3) are trisections
for, respectively, the 4-manifolds X and X ′, then a trisection for the
connected sum X]X ′ is given by the identification:
(Σ, X1, X2, X3)](Σ
′, X ′1, X
′
2, X
′
3) = (Σ]Σ
′, X1\X ′1, X2\X
′
2, X3\X
′
3)
There is an alternative definition for stabilizations, that uses the
connected sum operation on trisection diagrams:
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Definition 2.13. Let T = (Σg, α, β, γ) be a trisection diagram for
the 4-manifold X and let Si and S be respectively any one of the three
genus-1 unbalanced trisection diagrams and the genus-3 balanced trisec-
tion diagram for S4. Then T ]Si and T ]S are also trisection diagrams
for X, called the unbalanced and balanced stabilizations of T .
From the discussion above it is clear that if T = (Σg, X1, X2, X3) is a
trisection forX, with diagram given by the quadruple (Σg, α, β, γ), then
the i-stabilization of T has for diagram the unbalanced i-stabilization
of (Σg, α, β, γ).
Again, we will see in Section 3.4 that the stabilization (X ′1, X
′
2, X
′
3)
of a trisection (X1, X2, X3) admits as a trisection diagram the stabi-
lization of a diagram representing the starting trisection.
2.4. From trisection diagrams to Kirby diagrams
Consider a trisection diagram such that the α and the β curves are
arranged to be standard. We have already anticipated that we can pro-
duce a Kirby diagram for X(Σ, α, β, γ). In what follows, we are going
to explain how to do it.
Recall that X(Σg, α, β, γ) is constructed by attaching 2-handles to
Σg ×D2 along the α’s, the β’s and the γ’s, with framings induced by
the surface. Then, there is a unique closed 4-manifold that we can
obtain by adding 3- and 4-handles.
We will produce a Kirby diagram for X(Σ, α, β, γ) by adding the
attaching circles of the 2-handles to the diagram representing Σg ×D2
drawn in Figure 1.12.
If the α’s and the β’s are standard, as in Figure 2.3, their induced
framings are zero. Moreover, if one recalls the construction of the tri-
section diagram for Σg×D2, it is clear that the attaching circles of the
2-handles relative to the the α’s and the β’s intersect the belt sphere
of the 1-handles of Σg ×D2 as drawn in Figure 2.10.
Now, some handles cancel. Note that we do not need to worry
about framings of the γ’s curves. They remain the same after the
cancellation, since all the of the α and β curves are zero-framed un-
knots, and the 1-handles behave like 0-framed 2-handles in this contest.
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Figure 2.10. A Kirby diagram for X(Σ, α, β, γ). Only
one γ curve is drawn, although there should be g of them.
Figure 2.11. A Kirby diagram for X(Σ, α, β, γ). Only
one γ curve is drawn, although there should be g of them.
Then, we get to the diagram in Figure 2.11, in which there are k
1-handles, with belt sphere parallel to the αi and βi, i ≤ k, and g
2-handles with the γ curves as attaching link.

CHAPTER 3
Proof of existence and uniqueness
This chapter is dedicated to the proofs of existence and uniqueness
(up to stablization) of balanced (g, k)-trisections for closed, smooth
and orientable 4-manifolds.
Proofs of existence and uniqueness are due to D. Gay and R. Kirby
([10]), and rely results borrowed from Morse 2-function theory, which
was developed by the authors in [9]. In Section 3.1 we are going to
introduce this subject, and later in Sections 3.2 and 3.4 we will finally
present the proofs.
3.1. Morse 2-functions
A Morse 2-function on a smooth n-manifold X is a generic, smooth
map from X to a 2-manifold satysfing some stability constraints. In
our work we will always suppose that the domain of this map is R2.
For a complete treatment of this topic, and full understanding of the
tools that we are going to use during the proof of existence, we rec-
ommend [9]. Here we are going to give the characterization by local
models in the 4-dimensional case: a map from a 4-manifold to R2 will
be stable if it respects the following conditions. This characterization
will be sufficient to prove Theorem 2.6.
We are going to consider smooth R2-valued maps G from a 4-
dimensional manifold X such that:
(1) Each regular value q ∈ R2 has a coordinate neighborhood over
which G can be written as the projection F ×D2 −→ D2 for
some closed fiber surface F .
(2) Critical points form a 1-dimensional submanifold CritG ⊂ X
such that G : CritG −→ R2 is an immersion with only semicu-
bical cusps and crossings as singularities. Points in CritG that
are not cusps or crossings are called fold points, and arcs of
fold points are called folds.
(3) Each point q ∈ CritG has a coordinate neighborhood U =
I×I, parametrized by (t, y), and there exists a diffeomorphism
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φ : G−1(U) −→ I ×M3 for a 3-manifold M such that G ◦ φ−1
is of the form (t, p) 7−→ (t, gt(p)), where gt is some generic
homotopy between Morse function on M .
If q ∈ CritG is a fold point, gt = g : M −→ I can be taken to be
a Morse function with only one critical point. The index of the fold is
defined to be the index of that critical point.
If q is a cusp point, gt is a 1-parameter family of Morse functions on
M , with no critical values at t = 0 and a birth of a cancelling pair of
critical values for t = 1/2. Finally, if q is a crossing point, gt is again
a 1-parameter family of Morse function with 2 critical values for every
t, crossing at t = 1/2.
The basic example of a Morse 2-function is (t, p) 7→ (t, gt(p)),
where gt is a generic homotopy between two given Morse functions,
g0, g1 : M
3 −→ [0, 1]. When G is globally of the form (t, p) 7→ (t, gt(p))
we call G(CritG) a Cerf graphic [4].
Remark 3.1. Morse 2-functions are locally modelled by homo-
topies between Morse functions, but there is no global time direction.
For this reason, the index of the fold is well defined only up to the
involution i 7→ 3− i. In order to avoid this ambiguity, we can choose a
transverse direction to the fold, and insist that the y-coordinate on I×I
increases in that direction. We now have a well defined index, which
we will indicate by drawing an arrows labeled with the index, except
in the case of Cerf graphics in which is implicit that the transverse
direction is up.
Given a Morse 2-function G : X4 −→ R2, if G(CritG) has no ver-
tical tangencies in a rectangle I × I ⊂ R2, we can find coordinates in
which G is of the form (t, p) 7→ (t, gt(p)).
Homotopies between Morse 2-functions can be also characterized
in terms of local models. In the following we introduce some moves
that are going to be useful in the next sections. These are standard
singularities that occur in homotopies between Morse functions, and
have been extensively studied in [9] and [18] (which we recommend for
further details). What follows is a brief description, concerning what
will be needed next.
• Introducing an eye:
Take a Morse 2-function G without critical points in some
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Figure 3.1. Introducing an eye.
Figure 3.2. A swallowtail birth singularity.
neighborhood of p ∈ X. In local coordinates, we can assume
that G has the form (t, x, y, z) 7→ (t, x3 + (t2 + 1)x− y2 + z2).
Introducing a new parameter s ∈ [−1, 1] produces a homotopy
Gs:
(t, x, y, z) 7→ (t, x3 + (t2 − s)x− y2 + z2)
between G and G1,
(t, x, y, z) 7→ (t, x3 + (t2 − 1)x− y2 + z2)
G1 is the result of introducing a birth and a death of a
cancelling pair of critical points, with fold locus looking like
Figure 3.1 on the right. This configuration is known as an eye.
• Introducing a swallowtail:
In Figure 3.2 we see the result of the homotopy:
Gs(t, x, y, z) 7→ (t, x4 − x2s+ xt− z2 + y2)
expressed in local coordinates. This singularity is known as a
swallowtail, and we will refer to the event pictured in Figure
3.2 as a swallowtail birth singularity. The swallowtail birth
singularity is a move extensively studied in [18], where is call
a flipping.
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Figure 3.3. The image of the fold locus for the Morse
2-function on X. Boxes with folds coming in from the
left and out at the right represent arbitrary Cerf graphics.
3.2. Proof of the Existence Theorem
Throughout the proof we will use coordinates (t, z) on R2, with t
the horizontal axis and z the vertical one. The proof is structured as
follows.
We will construct a Morse 2-function on the union X1 of the 0-
and 1-handles of X. Then, we will extend the map to the whole 4-
manifold X, starting from the 2-handles, then to the union of the 3-
and 4-handles.
After that, we will show how to homotope the Morse 2-function
to a new one, with fold locus looking like Figure 3.3. Note that the
Cerf graphics in the picture may contain left- or right- cusps, but may
not contain any vertical tangencies on the image in the fold locus. At
this point we will prove that the preimage of each sector G−1(R2i ) is
diffeomorphic to \k(S1 ×D3).
Proof of Theorem 2.6 . Take an handle decomposition for X
with one 0-handle, i1 1-handles, i2 2-handles, i3 3-handles and one 4-
handle. Let X1 be the union of zero and one handles: we know that it
is diffeomorphic to \i1S1 ×D3 ∼= I × (\i1S1 ×D2).
Consider the standard Morse function f on \i1S1 × D2 with only
one minimum and i1 critical points of index 1. We map X1 ∼= I ×
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Figure 3.4. The first Morse 2-function G1 on X1 =
{0− handle} ∪ {1− handles}. In this and the following
figures, three dots between two curves indicate that there
are some number of parallel copies of the two curves in
between. Fold indexes are indicated with labelled trans-
verse arrows.
(\i1S1×D2) in the square I × I by the map F (t, p) = (t, f(p)), see the
left part of Figure 3.4.
If we post compose F with a diffeomorphism of the square I × I
to the half disk, we obtain a Morse 2-function G1 on X1 such that the
image of the fold locus looks like the right part of Figure 3.4.
The image through G1 of the boundary ∂X1 ∼= ]i1S1 × S2 lies on
the right edge of the half disk in Figure 3.4. The projection z ◦G1|∂X1
on the second component of G1 gives back the standard Morse function
on ]i1S1×S2 with i1 index-1 and index-2 critical points. Thus, looking
at the right edge of the half disk, we can recover the standard genus i1
Heegaard splitting of ]i1S1 × S2, with Heegaard surface Σ.
Now we want to extend the map to the 2-handles. Consider then the
framed attaching link L of the 2-handles. We know that L lies in the
3-manifold ∂X1 but not in a level set of the Morse function z ◦G1|∂X1 ,
as we need for that to be a fiber of the eventual Morse 2-function. To
avoid this problem, we note that the ascending manifolds of index 2
critical points, relative to the Morse function z◦G1|∂X1 have dimension
1, like the descending manifolds of index 1 critical points. So, they will
be generically disjoint from the 1-dimensional submanifold L ⊂ ∂X1.
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We can then project L onto the Heegaard surface Σ along the gradi-
ent flow lines, obtaining an immersed curve L, with only double points
(crossings) as singularities. Adding kinks if necessary, we can adjust
the framing of L so that it agrees with the framing induced by the
surface Σ.
Our goal is to resolve these crossings and obtain an embedded link
on the surface.
To do this, we proceed one crossing at the time. Let’s restrict for
one moment to the case with only one 2-handle, and let be C the at-
taching circle. Suppose also that, after being projected onto Σ, the
immersed curve has only one crossing in C. First, we isotope C into
I × Σ ⊂ I × ∂X1. Then, we add a cusp consisting of a cancelling 1-2
pair of critical points at a lower level of G1, that is, before trying to em-
bed C in Σ so they are available to remove the crossing (see Figure 3.5).
Then, we modify the Morse function z ◦G1|∂X1 on ∂X1 as follows.
We first add a 1-handle, on both sides of the undercrossing arc of C.
Now we can attach the 2-handle along C, with the crossing being re-
moved by sending one strand of C over the cusp 1-handle; the cancelling
2-handle coming from the cusp now goes over each 1-handle once (see
again Figure 3.5).
Now that we have understood the process, we go back to the gen-
eral case.
We proceed the previous process of stabilization once for each cross-
ing: this allow us to extend G1 from X1 to X1∪I×∂X1, with fold locus
as in Figure 3.6, with one cusp for each stabilization. This iterative pro-
cess creates a homotopy gt between the Morse function g0 = z ◦G1|∂X1
on ∂X1 and a new stabilized Morse function g1. This homotopy then
becomes a Morse 2-function on the collar I × ∂X1.
Now, call Σ the Heegaard surface of the stabilized function; at-
taching a 4-dimensional 2-handle along a component C of L is the
same thing as attaching I times a 3-dimensional 2-handle to X1 along
I × C ⊂ I × Σ¯ ⊂ I × ∂X1.
So, we proceed as in the beginning with the construction of G1 on
X1: first we add an interval I times the 2-handle, then we post-compose
with a diffeomorphism of the rectangle in the half disk, as suggested in
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Figure 3.5. How to resolve crossings. Before attach-
ing the 2-handle we need to isotope C and construct a
Cerf graphic from the given function to a new Morse 2-
function such that C lies in a level set. On the left, the
fold locus of the new Morse-2 function. On the right, a
diagram for the handles added.
the central picture of Figure 3.7.
Finally, noting that the vertical Morse function on the right-hand side
of Figure 3.7 has one index-2 critical point under one of index-1, we
switch them obtaining a Morse 2-function on the union of X1 with the
2-handle.
All we have done happened on a neighborhood of C: the rest of L
still lies on the surface Σ. Now we can repeat all the process to obtain
an extensions of G1 on X2 = X1 ∪ {2-handles}, with fold locus as in
the left part of Figure 3.8. Each kink in Figure 3.8 corresponds to one
2-handle, each cusp to one stabilization.
Now, we repeat the construction made on X1 for the union of the
4-handle with the 3-handles, obtaining a Morse 2-function on it whose
fold locus looks like the right part of Figure 3.8.
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Figure 3.6. Extending to the collar ∂X1. In the two
vertical slices shown (the two dotted lines), both diffeo-
morphic to ]i1(S1 × S2), the Heegaard surface is high-
lighted with a dot. The framed attaching link L for the
2-handles of X lies over the rightmost dot.
Figure 3.7. Adding 2-handles.
The two halves give vertical Morse functions on the boundary of the
union of 3 and 4-handles: such functions are related by a Cerf graphic,
since any two Morse functiona defined on a manifold are related by a
homotopy ([4]). Putting this Cerf graphic in between the two Morse
functions gives us a Morse 2-function on the whole manifold X, shown
in Figure 3.9.
Now that we have the Morse 2-function defined on X, our aim is to
change it in order to recover the three pieces of the trisection. First,
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Figure 3.8. Two halves of G1 : the 0-, 1- and 2-handles
on the left and the 3- and 4-handles on the right.
Figure 3.9. The first Morse 2-function on X. The ver-
tical tangencies of the folds are the red dotted lines.
These become critical points of the projection t ◦ G1 :
X −→ R.
we move all the left cusps in the Cerf graphic, corresponding to births
of cancelling pair of handles, out of the graphic, to the left. Then, we
pull the death cusps on the right, as shown in Figure 3.10.
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Figure 3.10. Pulling cusps out of the Cerf graphic.
Figure 3.11. Turning kinks into pairs of cusps.
Observing that 4-dimensional 2-handle attachments are indepen-
dent of the 3-dimensional stabilization corresponding to the cusps com-
ing from the Cerf graphic, we now pull the birth cusps on the extreme
left of the graphic, past the kinks corresponding to the 2-handles (see
again Figure 3.10).
Now, we want to get rid of all the kinks. First, we introduce a
swallowtail at the vertical tangency of each kink, like we have seen in
Section 3.1. Then, by a homotopy of Morse functions we move an arc
of index 1 critical points below an arc of index 2 critical points. These
moves are standard moves between homotopy of Morse functions ([4]).
The second step is a standard move ([4]) and it is allowed because the
descending manifold of index 1 criticals point remains disjoint (by a
transversality argument) from the ascending manifold of index 2 criti-
cal point, see Figure 3.11.
Finally, if we add an eye as we saw in Section 3.1, we can increase
the number of folds without cusps in one of three sectors. We can then
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Figure 3.12. Adding an extra fold without cusps in one
sector, by introducing an eye.
modify the fold locus by an isotopy, to make it look like the right part
of Figure 3.12. With this operation, we either add the fold without
cusps to R21, R22 or R23, depending on how we orient the new eye with
respect to the orientation of R2.
By these operations we can put the Morse 2-function into the form
of Figure 3.3, with k folds without cusps and g − k with cusps in each
sector, then we only need to show that for each i G−1(R2i ) ∼= \k(S1×D3).
However, each sector looks like Figure 3.4, except for the part composed
of Cerf graphics, which is already known to represent \k(S1×D3), with
a standard genus-g Heegaard splitting on its boundary. We can then
conclude by noting that the Cerf graphic is a product which does not
touch Heegaard splitting.

Notice that from the proof of Theorem 2.6, we have as an immediate
corollary the following:
Corollary 3.2. Take a (g, k)-trisection for a closed 4-manifold
X. Then, g and k are such that X admits a handle decomposition with
one 0-handle, k 1-handles, g − k 2-handles and one 4-handle.
3.3. Trisections and handle decompositions
There is a close relationship between trisections and handle decom-
positions of a closed 4-manifold. We already saw in the proof of The-
orem 2.6 that Morse 2-functions techniques, applied to a given handle
decomposition for a 4-manifold X, can be used to provide a trisection
for X. Moreover, from a trisection we can extract another handle de-
composition for X. We will now present a way to pass from trisections
to handle decompositions with some extra data.
In the following, we will present two Lemmas and use them both to
provide a new proof of Theorem 2.6, given entirely in terms of ordinary
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Morse functions and handle decompositions, and later in Section 3.4
to prove Theorem 2.10.
3.3.1. From trisections to handle decompositions. Recall Def-
inition 1.12 for a system of compressing disks for a 3-dimensional han-
dlebody H of genus g.
Lemma 3.3. Given a (g, k)-trisection X = X1∪X2∪X3 for a closed
4-manifold X, there is a handle decomposition of X as in Corollary 3.2
such that:
(1) X1 is the union of the 0- and 1-handles.
(2) Considering the Heegaard splitting ∂X1 = H1,2 ∪ H3,1 with
Heegaard surface Σ, the attaching link L for the 2-handles lies
in the interior of H1,2 .
(3) The framed attaching link L = L1 ∪L2 ∪ · · · ∪Lg−k is isotopic
in H1,2 to a link L
′ = L′1∪ · · · ∪L′g−k ⊂ Σ, with framings equal
to the framings induced by Σ.
(4) There is a system of compressing disks D1 ∪ · · · ∪Dg for H1,2
such that each L′i intersects transversely once ∂Di and is dis-
joint from all other ∂Dj’s.
(5) There is a tubular neighborhood N = [−, ] ×H1,2 of H1,2 in
X such that X2 is the union of [0, ]×H1,2 with the 2-handles.
Proof. Each sector Xi of the trisection is diffeomorphic to \
k(S1×
B3), and its boundary ∂Xi is provided with a genus-g Heegaard split-
ting. Thus, we know that X has a Morse 2-function with fold locus as
in Figure 3.13.
Recall that two sectors intersect in Xi ∩ Xj = \g(S1 × B2). The
two Morse 2-functions on the two sectors induce two homotopic Morse
functions on the 3-dimensional handlebody Hi,j = Xi ∩Xj. The Cerf
diagram inserted into the little wedges gives the homotopy between
these functions. Unlike in the proof of Theorem 2.6, we don’t need to
avoid cusps in the Cerf graphic boxes, any Cerf graphic is useful now,
since we are not intersted in rcovering a trisection from the function.
Through an isotopy of R2 we can make the fold locus look like Fig-
ure 3.14. Let’s take a look at each of the three pieces of the trisection.
X1 is now on the left of the vertical dotted line, X2 is the region be-
tween the legs of the h drawn in the picture, and X3 is what remains.
Notice that the Morse 2-function is now arranged in such a way that
the projection on the horizontal axis gives a Morse function, with the
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Figure 3.13. The image of the fold locus for the Morse
2-function on X.
Figure 3.14. The image of the fold locus for the Morse
2-function on X, after an isotopy.
vertical tangencies becoming Morse critical points. This is exactly how
we constructed the Morse 2-function in the first place, at the beginning
of the proof of Theorem 2.6.
With that in mind, is now clear from Figure 3.14 that X1 is the
union of 0- and 1-handles, and that X2 is a 3-dimensional handlebody
H1,2 cross an interval, with g− k 2-handles attached. Then, obviously,
X3 has to be the union of 4- and 3-handles.
What remains now is to understand why the attaching link for the
2-handles is as advertised. In order to do that, we take a closer look at
one of the cusps representing the attachment of one of the 2-handles
(see Figure 3.15). The attaching circle for the 2-handle is in fact one
of a dual pair of curves on the fiber near a cusp, as we saw in the proof
52 3. PROOF OF EXISTENCE AND UNIQUENESS
Figure 3.15. Zooming in a 2-handle.
of the Existence Theorem.
The other curve in the dual pair is the boundary of a compressing
disk for H1,2, as shown by the fact that its projection belongs to a fold
which connects directly to the projection of a handlebody. In Figure
3.15 we can see a picture for the fiber over a specific point (we are not
drawing the whole fiber, only the portion in which we are interested.
The whole fiber is a genus-g surface). The blue circle is the boundary
of the compressing disk, the red one is the attaching circle for the
2-handle.

Lemma 3.4. Consider a handle decomposition for a closed 4-manifold
X with one 0-handle, k 1-handles, g − k 2-handles, k 3-handles and
one 4-handle. Call X1 the union of 0 and 1-handles, and L the attach-
ing link for the 2-handles. Suppose that the boundary of X1 admits a
genus-g Heegaard splitting ∂X1 = H1,2 ∪ H3,1, with Heegaard surface
Σ, satisfying the following properties:
(1) L lies in the interior of H1,2.
(2) L is isotopic in H1,2 to a framed link L
′ ⊂ Σ, with framings
equal to the framings induced by Σ.
(3) There is a system of compressing disks D1, . . . , Dg−k for H1,2
such that the g−k components of L′ are, respectively, geomet-
rically dual in Σ to the curves ∂D1, . . . , ∂Dg−k.
Let N = [−, ]×H1,2 be a tubular neighborhood of H1,2, such that
[−, 0] × H1,2 = N ∩ X1, which the 2-handles intersects as [0, ] × νL
(where νL is a tubular neighborhood of L in H1,2). If we call X2 the
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union of [0, ] ×H1,2 with the 2-handles, and X3 to be X \ (X1 ∪X2),
then X = X1 ∪X2 ∪X3 is a balanced (g, k)-trisection.
Proof. In order to prove that X = X1 ∪ X2 ∪ X3 is in fact
a trisection, we have to show that each of Xi is diffeomorphic to
\k(S1×D3), that each pair (Xi, Xj) intersects in a 3-dimensional han-
dlebody Hi,j = \
g(S1×D2), and that the triple intersection X1∩X2∩X3
is a genus-g closed surface Σ.
From the hypothesis, it is clear that both X1 and X2 are diffeomor-
phic to \k(S1×B3), that X3∩X1 and X1∩X2 are 3-dimensional genus-g
handlebodies, and that the triple intersection X1∩X2∩X3 is equal to Σ.
On the other hand, X2 is obtained by attaching g − k 2-handles to
X1,2 ∼= \k(S1 ×D2) along g − k circles S1 × {0} ⊂ S1 ×D2 in the first
g−k S1×D3 summands. So, since each attaching circle of the 2-handles
is geometrically dual to a {pt} × ∂D2, the 2-handles cancel g − k of
those summands. Thus, we have shown both that H2,3 ∼= \k(S1 ×D2)
and X2 ∼= \k(S1 ×D3).

3.3.2. A new proof of existence. Using what we have done in
the previous sections, we present another proof of Theorem 2.6:
Alternative proof of Existence [10]. Consider a handle de-
composition for X consisting of one 0- and 4-handles, k1 1-handles, k2
2-handles and k3 3-handles. We can add cancelling pairs of 1-2 and 2-3
handles in order to arrange k1 to be equal to k3. Call X1 the union
of the 0-handle with the 1-handles, and note that ∂X1 ∼= ]k1(S1 × S2).
Finally, let L be the framed attaching link for the 2-handles in ∂X1.
Now, consider a genus-k1 Heegaard splitting for ∂X1 = H1,2 ∪H2,3,
with Heegaard surface Σ. We can project the attaching link L onto the
surface Σ with double points (crossings) as the only singularities. By
adding kinks we can arrange the handle framing to be the framing com-
ing from the surface Σ. Moreover, up to using Reidemeister 2 moves1
if necessary, we can suppose that each component of the link has at
least one crossing. If c is the number of crossings in the projection, we
then have c ≥ k2.
If c = k2, we are almost done. In fact, we can stabilize the Heegaard
splitting k2 times, with every stabilization occurring at each crossing,
1 For a definition of Reidemeister moves on a link diagram, we suggest [26]
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and then isotope L in order to resolve all the crossings, by sending the
upper strand at each crossing over the new S1 × S1 in the surface Σ
coming from the stabilization 2. We have produced a genus g = k1 +k2
Heegaard splitting for ∂X1. We can now push L in the interior of H1,2.
Moreover, each component Ki of the link L runs over one stabilization,
which is not touched by any other components, and therefore it is the
unique component that intersects the meridian of the S1 × S1 sum-
mand of the stabilization. We can avoid intersections of Ki with any
other meridian in Σ by isotoping the meridian compressing disk over
the compressing disk corresponding to the previous stabilization. If we
set g = k1 + k2 and k = k1, we now satisfy the hypotheses of Lemma
3.4 and we can apply it to produce the trisection.
If c > k2, we start by adding c − k2 cancelling 1-2 pairs of han-
dles and c − k2 cancelling 2-3 pairs of handles. Now the number of
1- and 3-handles is k′1 = k1 + c − k2, and the number of 2-handles is
k′2 = 2c − k2. Consider then X ′1 = X1\c−k2(S1 × D3), and its natu-
ral genus-k′1 Heegaard splitting, and call Σ
′ the new Heegaard surface.
Since Σ′ = Σ\c−k2(S1 × S1), the original attaching link L still projects
onto Σ′ in the same way as before, but now we have other 2(c − k2)
components to add, coming from the new 2-handles.
The first half of these, the ones coming from the 1-2-cancelling pairs,
are attached along the meridians of the c− k2 new S1 × S1 summands
in Σ′, and then satisfy the conditions of Lemma 3.4. The ones com-
ing from the 2-3 cancelling pairs, are attached along 0-framed unknots,
which project onto Σ′ to disjoint circles bounding disks.
Now we stabilize the new Heegaard splitting 2c− k2 times, in such
a way that the first c of these stabilizations occur at crossings of L (so
we can resolve them as before), and the other c−k2 times happen next
to the c − k2 0-framed unknots. At this point, each of the unknots
is isotoped to go over the new S1 × S1 summand coming from the
adjacent stabilization, and we managed to make the link L satisfies
the conditions of Lemma 3.4. In fact, we have g′ = k′1 + 2c − k2, and
k′2 = g
′ − k′1, as required.

2With a little abuse of notation, we keep using the same name to refer to the
stabilized surface and handlebodies.
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Figure 3.16. Stabilizing a Morse 2-function by adding
three eyes.
3.4. Uniqueness
Lemma 3.5. If X = X1 ∪ X2 ∪ X3 is a (g, k)-trisection for X
with diagram T = (Σg, α, β, γ), and X = X ′1 ∪ X ′2 ∪ X ′3 is a balanced
stabilization of X = X1 ∪X2 ∪X3, then X = X ′1 ∪X ′2 ∪X ′3 is also a
trisection.
Proof. As we saw during the proof of Theorem 2.6, we can con-
struct a Morse 2-function as in Figure 3.3 which recovers the given
trisection. Our claim is that changing the Morse 2-function by adding
three eyes as in Figure 3.16 has exactly the same effect on each sec-
tor Xi as a balanced-stabilization. Since the modified 2-Morse func-
tion still defines a trisection, we get the thesis. We will prove this by
showing that the addition of one eye produces the same result as the
i-stabilization of Definition 2.11.
First, add the eye like in the left part of Figure 3.17, away from
the center so that it touches the handlebody H3,1. We want to move
the lower fold down, across the central fiber of the Morse 2-function, to
make it look like the right part of Figure 3.17. Up to isotopy, pulling
the fold down is equivalent to enlarging the sector X2, by attaching on
it the inverse image via the Morse 2-function of the blue region in the
middle of Figure 3.17. Since the lower fold of the eye is an index-1 fold,
this operation has the effect of a 1-handle cobordism. Moreover, the
1-handle is cancelled by its dual 2-handle immediately above it. The 1-
and 2-handles are three-dimensional 1- and 2-handles cross an interval.
For these reasons, we can see from the right-hand side of Figure 3.17
that there is no 4-dimensional effect on the sectors X1 and X3, while
we change X2 by adding a 4-dimensional 1-handle. Thus, pulling the
56 3. PROOF OF EXISTENCE AND UNIQUENESS
Figure 3.17. Adding one eye.
fold down has the effect of removing half a neighborhood of an arc from
both X1 and X3, and adding a neighborhood of the same arc to X2.
If we repeat this operation and add three eyes, as is showed in
Figure 3.16, we have performed a balanced stabilization.

Remark 3.6. Let T be a balanced trisection for a 4-manifold X.
Performing a balanced stabilization, we get from a (g, k)-trisection to
a (g+3, k+1)-trisection. The effect on the handle decomposition asso-
ciated to T is to add a 1-2 and a 2-3 handle cancelling pair. This can
be seen by applying Lemma 3.3 to the stabilized trisection, or from the
description given in the proof of Lemma 3.5 above.
We are now ready to give the proof of Theorem 2.10.
Proof of Uniqueness, Theorem 2.10. Consider two trisections
for X, T = (Σ, X1, X2, X3) and T ′ = (Σ′, X ′1, X ′2, X ′3). If we apply
Lemma 3.3 to both T and T ′, we get two handle decompositions D
and D′ of X, with associated Heegaard splittings of ∂X1 and ∂X ′1 and
attaching links L and L′.
We know that D and D′ are related by the following operation:
(1) Add and remove cancelling 1-2 and 2-3 pairs of handles from
both D and D′;
(2) Slide k-handles over k-handles, for k = 1, 2, 3;
(3) Isotope the handles and their attaching maps, without sliding
over any handles.
If we prove that each of these operation can be interpreted as com-
ing from stabilizations, we are done.
3.4. UNIQUENESS 57
We already know that a balanced stabilization adds both a 1-2 and
a 2-3 pair of cancelling handles to an associated handle decomposition.
Moreover, we can manage to add the same number of 1-2 as 2-3 pairs
to each decomposition. Thus, we can take care of the first operation
by performing a sequence of balanced stabilizations to T and T ′.
Obviously, sliding k-handles over k-handles in the handle decom-
positions, for k = 1, 3, doesn’t effect the associated trisections, as well
as isotoping 1- and 3-handles. In fact, with these operations, we do
not change any of the handlebodies, nor the attaching link for the 2-
handles.
Now let’s see what happens if we perform a 2-handle slide to D.
Consider the Heegaard splitting H1,2 ∩ H3,1 of ∂X1 associated to T .
The framed attaching link L lies on the interior of H1,2. As usual, we
can isotope L onto Σ, so that the components of the link are geomet-
rically dual to g − k curves in a defining set of curves for H1,2, as in
Lemma 3.3.
Suppose that we want to slide a component L1 along another com-
ponent L2 of L. The slide then involves a framed arc connecting L1
with L2. We can project the arc on Σ, and manage (as usual, by
adding kinks) to make its framing agree with the framing coming from
the surface. However, the projection of the arc has double crossings as
singularities, that we want to avoid.
We then stabilize the Heegaard splitting to get rid of the crossings,
obtaining a new splitting ∂X1 = H
′
1,2 ∪ H ′3,1. Now, both the arc and
the link L lie in Σ′ = ∂H ′1,2, and the components of L are still dual
to the first g − k meridional curves in a defining set of curves for H ′1,2.
Note that the arc is disjoint from these meridional curves. Moreover,
we have removed all the crossings only by stabilizing and isotoping the
Heegaard splitting, without moving L and the arc.
If we change a meridional curve by a handle slide after sliding L1
along L2, the link still maintains the properties of Lemma 3.3. From
the description in Lemma 3.5 we know that stabilizations of Heegaard
splitting can be obtained as trisection stabilizations. We have then
proven that if we can pass from D to D′ by a sequence of handle slides,
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happening in a small neighborhood of ∂X1, then the handle decompo-
sitions are adapted to trisections related by stabilizations.
The last thing we have to deal with is isotopy of the 2-handles and
their attaching maps. Thus, suppose that D and D′ are related by such
an isotopy, without any handle slides. Then, this isotopy extends to X.
Thus, we can assume that the handle decompositions D and D′ are the
same, and that the only difference between T and T ′ is the Heegaard
splitting of ∂X1.
Let H1,2∪H3,1 and H ′1,2∪H ′3,1 be the two Heegaard splittings. The
attaching link L lies in both H1,2 and H
′
1,2, and in both it cases satisfies
the condition of Lemma 3.3. Moreover, both H1,2∪H3,1 and H ′1,2∪H ′3,1
are genus-g Heegaard splittings for ]k(S1×S2). Thus, by Waldhausen’s
Theorem ([28]) there is an isotopy of ∂X1 taking H1,2 to H
′
1,2. How-
ever, in order to prove that the two trisections T and T ′ are isotopic,
we have to find an isotopy that does not move the attaching link L.
This can be done as described in the following.
We construct two Morse functions f and f ′, with regular values
a < b such that:
• f and f ′ agree on f−1(−∞, a] = f ′−1(−∞, a], which is a tubu-
lar neighborhood of L (then, each has g− k index-0 and g− k
index-1 critical points);
• f−1 = (−∞, b] = H1,2 and f ′−1(−∞, b] = H ′1,2;
• f and f ′ have only index 1 critical values on [a, b] and index 2
and 3 critical values in [b,∞].
Thanks to Cerf Theory [4] we know that there exists an
homotopy ft between f and f
′ such that there are only 1-2
births and deaths on f−1(b) as singularities, and such that
ft ≡ f ≡ f ′ on f−1(−∞, a]. Thus, after stabilizing the Hee-
gaard splittings away from L, there is an isotopy fixing L be-
tween the two Heegaard splittings.
Again, we conclude by observing that Heegaard splitting
stabilizations can be achieved by trisection stabilizations.

CHAPTER 4
A classification result
In this chapter we will present a notion of reducibility for trisections,
and after that we will present a classification result for trisections. We
will prove that every balanced genus-2 trisection is standard. Moreover,
we will show that only a few 4-manifolds admit a genus-2 trisection.
J. Meier and A. Zupan classified genus-2 trisections in [21].
4.1. Reducibility and stabilizations
We say that a closed 4-manifold X is reducible if we can write
X = X1]X2, where neither X1 nor X2 are the 4-sphere S
4. The notion
of reducibility can be translated in terms of trisections:
Definition 4.1. A trisection (Σ, X1, X2, X3) is reducible if there
exists a curve δ ⊂ Σ such that δ bounds disks D1,2 ⊂ H1,2, D2,3 ⊂ H2,3,
D3,1 ⊂ H3,1 (where each Hi,j is the intersection between Xi and Xj).
Consider an embedded 3-sphere S in a trisected manifold X =
X1 ∪ X2 ∪ X3. S is a trisected reducing sphere if the following two
conditions hold:
(1) S intersects each of the three pieces of the trisection in a three
ball Bi = S ∩Xi;
(2) S intersects the surface Σ = X1 ∩ X2 ∩ X3 in an essential1
closed curve δ = S ∩ Σ.
Obviously, if (Σ, X1, X2, X3) admits a trisected reducing sphere,
then the trisection is reducible, since δ is a reducing curve in the sense
of Definition 1.19. The following proposition prove the converse.
Proposition 4.2. A trisection (Σ, X1, X2, X3) is reducible if and
only if admits a trisected reducing sphere.
Proof. Suppose that the trisection (Σ, X1, X2, X3) is reducible;
consider the two disks D1,2 ⊂ H1,2, D2,3 ⊂ H2,3, and denote by R1 the
1A closed curve on a surface is called essential if it is not homotopic to a point
or a boundary component.
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2-sphere R1 = D1,2 ∩D2,3.
Recall that X1 has a handle decomposition with one 0-handle and k1
1-handles. The belt spheres of the 1-handles can intersect the sphere
R1, but by Theorems in [16] we know that, after isotopies and handle
slides of the 1-handles, we can make R1 disjoint form the 1-handles’
belt spheres. Then, we can assume that R1 lies in the boundary of
the 0-handle, and that it is disjoint from the attaching regions of the
1-handles. Since the boundary of the 0-handle is diffeomorphic to S3,
it follows that R1 bounds a three-ball B1 ⊂ X1.
Proceeding in the same way, we can produce 3-balls B2 ∈ X2 and
B3 in X3, bounded by D2,3 ∪ D3,1 and by D3,1 ∪ D1,2. The union of
these balls along their pairwise intersections gives the trisected reducing
sphere S.

There is a diagramatic criterion that allows us to decide whether
or not a trisection is stabilized.
Proposition 4.3. Let (Σ, X1, X2, X3) be a trisection, and suppose
there exist two curves ω and γ, properly embedded on Σ, such that:
• ω bounds a disk in H3,1 and a disk in H1,2;
• γ bounds a disk in H2,3;
• |ω ∩ γ| = 1.
Then the trisection is 1-stabilized, and the same holds for i = 2, 3, with
the roles of Hi,j properly permuted.
Proof. If the genus of the trisection is 1, then the thesis is obvi-
ous. In fact, the existence of ω and γ imply that the trisection is the
genus-1 unbalanced trisection for S4 corresponding to a 1-stabilization.
If the genus of the trisection is greater than 1, let N(ω ∪ γ) be a
tubular neighborhood of ω ∪ γ in Σ. Then the curve δ = ∂N(ω ∪ γ)
is an essential curve bounding disks in each of the handlebodies Hi,j.
By Proposition 4.2, δ is a reducing curve on Σ that decomposes the
trisection into two trisections. One of this trisections is the genus-1
unbalanced trisection for S4 corresponding to a 1-stabilization.

4.2. Genus-2 balanced trisections
In [21] the authors prove the following classification Theorem of
balanced genus 2 trisections:
4.2. GENUS-2 BALANCED TRISECTIONS 61
Theorem 4.4. [21]
If a closed 4-manifold X admits a genus 2 trisection, then X is
either diffeomorphic to S2× S2, or the connected sum of S1× S3, CP2
and CP2 with two summands. Moreover, each of these manifolds has a
unique genus-2 trisection up to diffeomorphisms, which is standard.
An important ingredient in the proof of the classifications result
that we will present, is the following Theorems about Dehn surgery on
knots between connected sum of S1 × S2. A proof for this result is
contained in [7].
Let L = L1 ∪ · · · ∪ Ln be an n-component link in a compact 3-
manifold M , and denote by Mfr(L)(L) the 3-manifold obtained by Dehn
surgery on M along L with framing fr(L). We will call surgery with
the property Mfr(L)(L) = M a cosmetic surgery.
Theorem 4.5. Suppose that K is a knot in S2 × S1 with cosmetic
surgery. Then K is a (±1)-framed unknot.
Remark 4.6. Notice that since the knots are supposed to be lo-
cal (i.e. they lie into a 3-ball) it makes sense to talk about surgery
coefficients in the meaning of Section 1.3.
To classify (2, 0)-trisections the authors define a notion of complex-
ity of a trisection diagram. Given a genus-2 Heegaard diagram (Σ, α, β)
for S3, define i(α, β) = |α1 ∩ β1| + |α1 ∩ β2| + |α2 ∩ β1| + |α2 ∩ β2|. It
follows immediately that if (Σ, α, β) satisfyies i(α, β) = 2, then it is
standard.
Definition 4.7. Consider a (2, 0)-trisection diagram (Σ, α, β, γ).
The complexity of the diagram is the triple
C(Σ, α, β, γ) = (|α2 ∩ γ1|+ |α2 ∩ γ2|, |α1 ∩ γ1|+ |α1 ∩ γ2|, i(α, β))
For a (2, 0)-trisection (Σ, X1, X2, X3), we call a trisection diagram
minimal if it minimizes the complexity C (with the dictionary order)
among all diagrams satisfying i(α, β) = 2.
Theorem 4.8. If (Σ, α, β, γ) is a minimal diagram for a (2, 0)-
trisection X = (Σ, X1, X2, X3), then (Σ, α, β, γ) is standard, and it is
homeomorphic to one of the standard diagrams pictured in Figure 4.1
and Figure 4.2.
The proof of Theorem 4.8, that we are not reproducing in this the-
sis, relies heavily on the combinatorics of genus-two Heegaard diagrams
of S3.
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It is quite easy to be convinced that the diagram in Figure 4.1 rep-
resents S2 × S2. In fact, as we saw in Section 2.4, a Kirby diagram
for the manifold obtained from this trisection diagram is given by the
γ curves with framings induced by the surface, plus 3- and 4-handles.
The γ curves form a 0-framed Hopf link2. It is well known (you can find
a proof in [11]) that what we obtain is a Kirby diagram for S2 × S2.
The two diagrams pictured in Figure 4.2 are diagrams for, respectively,
the connected sum between two copies of CP2 and CP2]CP2.
The last ingredient we need in order to prove Theorem 4.4 is the
following proposition, for which we are presenting a sketch of the prove,
without going into details.
Proposition 4.9. [21]
Every (2, 1)-trisection is reducible.
Proof. Let X = X1∪X2∪X3 be a (2, 1)-trisection, with intersec-
tion surface Σ. Take a handle decomposition for X as in Lemma 3.3,
and name h the 2-handle.
Apply Lemma 3.3 to get a trisection diagram (Σ, α, β, γ) such that:
• (Σ, α, β) is a Heegaard diagram for ∂X1 = S1 × S2;
• The Heegaard diagram (Σ, α, γ) is such that |α1 ∩ γ1| = 1 and
α2 = γ2;
• The 2-handle h is attached to ∂X1 along γ1 with framing in-
duced by Σ.
As usual denote by H1,2 = X1 ∩X2 the handlebody determined by
α, and likewise H3,1 and H2,3 are the handlebodies determined by β
and γ respectively. We want to find a separating curve δ ⊂ Σ that
bounds a disk in each of the three handlebodies. By Theorem 4.5 we
know that γ1 is a (±1)-framed unknot, thus it clearly bounds a disk
in ∂X1. Since |α1 ∩ γ1| = 1 and α1 bounds a disk in H1,2, a Dehn
twist3 of γ1 along α1 gives a curve β∗ whose framing induced by the
surface is the zero framing. Moreover β∗ is isotopic in H1,2 to γ1, and
in particular β∗ is isotopic to a core4 and |α1 ∩ β∗| = |γ1 ∩ β∗| = 1.
2For a diagram of the Hopf link, see [26]
3A Dehn twist along a simple, closed curve in a surface is a certain type of self-
homeomorphism of the surface, achieved by cutting the surface along the curve,
rotating by 2pi then gluing back together.
4A core of a handlebody is a core for one of the 1-handles in a handle decom-
position for the handlebody.
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Now, since β∗ is a 0-framed unknot, it bounds a disk D ⊂ ∂X1
and we can find a collar neighborhood of ∂D which is disjoint from
Σ. Call D′ the image of D under an isotopy that pushes β∗ into H1,2,
and let β′ = ∂D′. Then, β′ is also a core of H1,2, and C = H1,2 \ νβ′
is a compression body. Moreover, (Σ, C,H1,3) is an Heegaard splitting
for ∂X1 \ νβ′ satisfying the hypotheses of Theorem 1.25. Thus, there
is a disk D0 properly embedded in ∂X1 \ νβ′ intersecting Σ in a single
closed curve β0 and such that D
′ ∩ ∂νβ′ = D0. This implies that β0
bounds a disk in H1,3.
We can see the compression body C as ∂νβ′ × [0, 1] with a 1-handle
(with cocore a disk bounded by α2 in H1,2) attached along ∂νβ′ × {1}.
By construction, there are two annuli A′ ⊂ D′ ∩ C and A0 ⊂ D0 ∩ C
sharing the same boundary in ∂νβ′ , while ∂A
′∩Σ = β′ and A0∩Σ = β0.
Since ∂νβ′ is incompressible in C, the anuli are incompressible too.
It can be proven that after an isotopy of C, β∗ and β0 can be made
disjoint and isotopic in ∂νβ′ , while this may not be true in Σ.
Since β∗ is the result of a Dehn twist of γ1 along α1, we have
να1∪β∗ = να1∪γ1 , while it is not true that να1∪β0 = να1∪γ1 . However,
it can be proven that there are curves α0 and γ0 isotopic to α1 and γ1
such that |α0 ∩ β0| = |γ0 ∩ β0| = |γ0 ∩ α0| = 1 and β0 is the result of
Dehn twisting γ0 around α0. Moreover, there is a sequence of handle
slides of γ1 over γ2 that gives γ0. Now each of α0, β0 and γ0 bounds a
disk in H1,2, H3,1 and H2,3 respectively.
Finally, take δ = ∂να0∪γ0 . Since α0 bounds a disk in H1,2 and γ0
bounds a disk in H2,3, so does δ0. Finally, we can conclude by the same
argument, once we notice that δ = ∂να0∪β0 , that γ0 bounds a disk also
in H3,1. We have found a separating curve as desired, and we conclude
that the trisection is reducible.

We are finally ready to prove Theorem 4.4:
proof of Theorem 4.4. Suppose thatX admits a (2, k)-trisection.
We have to separately discuss the cases k = 0, k = 1, k = 2.
If k = 2, we have already seen in Remark 2.8 that X must be
diffeomorphic to ]2(S1 × S3). If k = 1, then by Proposition 4.9, the
trisection is reducible. Thus, it can be written as the connected sum of
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Figure 4.1. A genus-2 trisection diagram for S2 × S2.
Figure 4.2. Genus-2 trisection diagrams representing
CP2]CP2 and CP2]CP2
one of the standard (1, 0)-trisection and the standard (1, 1)-trisection
described in Section 2.2. Then, X is diffeomorphic to (S1 × S3)]CP2
or (S1 × S3)]CP2.
Finally, if k = 0, we can conclude by applying Theorem 4.8.

CHAPTER 5
Further directions
5.1. The relative case
A natural extension of the theory to compact smooth 4-manifolds
is in the process of being developed by Juanita Pinzon-Caicedo, David
Gay and Nickolas Castro; what follows is a brief recap of their work,
as described by J. Pinzon in her talk at the conference Synchronizing
Smooth and Topological 4-Manifolds [25].
5.1.1. Sutured 3-manifolds and their Heegaard splittings.
A key ingredient in the construction of relative trisections is the concept
of a sutured 3-manifold.
A sutured manifold is a tool in geometric topology which was first
introduced by David Gabai [8] in order to study taut foliations on
3-manifolds.
Definition 5.1. A sutured manifold is an oriented and compact
3-manifold M , together with a decomposition of its boundary ∂M =
R+ ∪R− ∪ Γ, such that:
• Γ is an union of annuli I × S1 and tori S1 × S1;
• R+ and R− are compact, oriented and disjoint.
Γ is known as the sutures of M . We will refer to a sutured manifold
with the pair (M,Γ).
Example 5.2. Consider a compact surface P , with ∂P 6= ∅. Let N
be the product I×P . Then Γ = I×∂P , R+ = {1}×P , R− = {0}×P .
We will call N(P ) the pair (I × P, I × ∂P ).
Example 5.3. Consider a compact surface P , with ∂P 6= ∅ as
before. Now we think of P as embedded in a 3-manifold, P ⊂ M .
Consider Y = M \ int(I × P ) and let Γ be Γ = I × ∂P . Then the pair
M(P ) = (Y,Γ) is a sutured manifold.
Obviously, we can recover the manifold M by taking the union
M = M(P ) ∪N(P ).
Definition 5.4. A sutured Heegaard diagram is a triple (Σ, α, β),
where Σ is an oriented, compact surface with ∂Σ 6= ∅ and α, β are two
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Figure 5.1. Yk = Yk(P ) ∪N(P )
sets of simple closed curves on Σ. The number of curves in both α and
β is less than or equal to the genus of the surface Σ.
From the diagram (Σ, α, β) we can obtain a sutured 3-manifold.
To do this, we take the product Σ × I, and then we attach 2-handles
to Σ × {0} along the α curves, and 2-handles to Σ × {1} along the β
curves. The sutures Γ are ∂Σ× I.
Let’s consider the closed 3-manifold Yk = ]
k(S1×S2), together with
its standard genus-g Heegaard splitting (Σ, H1, H2).
If P ⊂ Σ is a compact surface with boundary, such that the genus
of P is less or equal to the genus of the complement Σ \ int(P ), we can
change the Heegaard splitting (Σ, H1, H2) into two sutured pieces, as
follows. One piece will be the sutured manifold N(P ) = I × P , the
other piece the sutured manifold Yk(P ) = Yk\int(I×P ), see Figure 5.1.
The following proposition will be crucial to define relative trisection
diagrams.
Proposition 5.5 (J. Pinzon, N. Castro, D. Gay). A sutured Hee-
gaard diagram for Yk(P ) gives enough informations to recover Yk.
5.1.2. Relative trisections.
Definition 5.6. Given two integers g ≥ k ≥ 0, a balanced rel-
ative trisection for a compact, smooth, orientable 4-manifold X with
connected and nonempty boundary, is a decomposition of X into three
pieces X = X1 ∪X2 ∪X3 such that:
• Xi is a 4-dimensional handlebody of genus k for each
i = 1, 2, 3;
• X1 ∩X2 ∩X3 = S, where S is a compact surface;
• ∂Xi = (∂Xi ∩ ∂Xi−1) ∪ (∂Xi ∩ ∂Xi+1) ∪ (∂X ∩Xi) (here the
indexes are taken modulo 3);
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Figure 5.2. Each of the three sectors is a 4-dimensional
handlebody \k(S1 × D3). In the center of the circle,
the compact surface S. The highlighted green line is
a compression body with boundary S ∪ P . Each pair
of green lines represents a Heegaard splitting for the su-
tured manifold Yk(P ). The red line highlighted is the
product N(P ) = I × P .
• (∂Xi ∩ ∂Xi−1) ∪ (∂Xi ∩ ∂Xi+1) ∼= Yk(P );
• ∂X ∩Xi ∼= N(P );
where P is a compact surface with genus less or equal to the genus
of S, and Yk(P ) is defined as before.
In Figure 5.2 a schematic representation of a relative trisection is
shown. The boundary ∂X is the union of three pieces X1∩∂X, X2∩∂X
and X3∩∂X, each diffeomorphic to the product N(P ) ∼= I×P . Thus,
there is an induced open book decomposition1 for ∂X.
We can now talk about trisection diagrams.
Definition 5.7. A relative trisection diagram is a quadruple
(Σ, α, β, γ), where Σ is an oriented, compact surface with ∂Σ 6= ∅ and
α, β, γ are three sets of simple closed curves on Σ, such that each of the
three triples (Σ, α, β), (Σ, βγ),(Σ, γ, α) are sutured Heegaard diagrams
for Yk(P ). We will denote by X(Σ, α, β, γ) the 4-manifold obtained by
the trisection diagram.
1For the definition of an open book decomposition, abstract open book and
monodromy we suggest Etnyre’s survey [5].
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Figure 5.3. To construct X(Σ, α, β, γ) we take the
product S×D2, then we attach 4-dimensional 2-handles
along α×{1}, β×{e2pii/3} and γ×{e4pii/3}, with framings
given by framings induced by the surface (the attachment
is represented by the three green legs in the picture). Af-
ter that, we are left with a 4-manifold with boundary.
The boundary is the union of three components, each
diffeomorphic to Yk(P ). We apply Proposition 5.5 to at-
tach N(P ) (the red dotted arcs in the picture) to each of
the thre boundary components. Then, thanks to results
in [16], we can uniquely fill each of the three copies of Yk
that we obtained to get the three sectors \k(S1 ×D3).
A brief explanation of how X(Σ, α, β, γ) is constructed is presented
in Figure 5.3.
Question 5.8. Can we obtain the monodromy of the induced open
book decomposition of ∂X from a relative trisection diagram?
The authors gave an example of how to do that, starting from a
trisection diagram representing the 4-ball D4, which however we are
not presenting in this thesis.
We finish by presenting the following result, which ensures that
there is a way to go back to the closed case.
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Theorem 5.9 (N. Castro, 2014). Consider two relative trisected
4-manifold X and X ′. Suppose that there is an orientation reversing
diffeomorphism f : ∂X −→ ∂X ′ that respects the induced open book
decompositions. Then X ∪f X ′ inherits a trisection.
5.2. Group trisections and smooth 4-manifolds
During the writing of this thesis, D. Gay, R. Kirby, together with
Aaron Abrams, came up with a reformulation of trisections in terms of
group theoretic formalism. They noticed that the fundamental groups
of the surface, the 3-dimensional handlebodies, the 4-dimensional han-
dlebodies, and the closed 4-manifold, with homomorphisms between
them induced by inclusion, form a commutative diagram of epimor-
phisms2, which they call a trisection of the 4-manifold group.
What follows is a recap of their work, [1].
Consider two integers g ≥ k ≥ 0 and the following groups, described
explicitly by presentations:
• S0 = {1} and, for g > 0, Sg = {a1, b1, . . . , ag, bg | [a1, b1] . . . [ag, bg]}3.
We identify this group with pi1(Σg, ∗).
• H0 = {1}, and for g > 0, Hg = 〈x1, . . . , xg〉, i.e., a free group
of rank g, identifyed with pi1(\
gS1 × D2, ∗). Notice that, if
g < g′, then Hg < Hg′ .
• Z0 = {1}, and for g > 0, Zk = 〈z1, . . . , zk〉. We identify this
group with pi1(\
kS1 ×D3, ∗). Again, if k < k′, then Zk < Zk′ .
Definition 5.10. A (g, k)-trisection of a group G is a commutative
cube of groups as shown in Figure 5.4 below, such that each homomor-
phism is surjective and each face is a pushout4.
If we denote by V and E the set of vertices and edges of the cube,
respectively, we can label the groups {Gv | v ∈ V } and the maps
2An epimorphism is a morphism f : X −→ Y , such that, given morphisms
g, h : Y −→ Z, we have g ◦ f = h ◦ f ⇒ g = h. For groups, this implies surjectivity.
3With the notation [a, b] we refer to the commutator of a and b. The commu-
tator of two elements a, b in a group G is the element aba−1b−1.
4Consider three groups X, Y and Z, with homomorphisms f : X −→ Y and
g : X −→ Z. The pushout of g and f is defined as a group P together with two
homomorphisms f1 : Y −→ P and g1 : X −→ P that make the diagram (f, g, f1, g1)
commutative, and such that for any other triple (P ′, f ′1, g
′
1) that makes the diagram
(f, g, f ′1, g
′
1) commutative, there is a unique homomorphism u : P −→ P ′ such that
the diagram (f, g, f1, g1, f
′
1, g
′
1, u) commutes.
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Figure 5.4. A (g, k)-trisection of a group G
{fe | e ∈ E}. Thus we can refer to a trisection of G as the pair
({Gv}, {fe}).
Remark 5.11. There is a unique (0, 0)-trisection of the trivial
group {1}, and a (3, 1)-trisection of {1} is shown in Figure 5.5. Thanks
to the classification of genus/1 trisection of Section 2.2 and to the clas-
sification result of genus/2 trisection in [21], together with Theorem
5.13 below, we have a uniqueness statement for group trisections of
genus g ≤ 2.
Both the connected sum operation and the stabilization move can
be translated in terms of group trisections.
Definition 5.12. Given a (g, k)-trisection ({Gv}, {fe}) of G, and
a (g′, k′)-trisection ({G′v}, {f ′e}) of G′, there is a natural connected sum
(g+g′, k+k′)-trisection ({G′′v}, f ′′e }) of G∗G′5, defined by shifting all the
indices of the generators for the G′v’s, by either g (when G
′
v = Sg′ , Hg′)
or k (when G′v = Zk′), and then, for each generator of G ∗ G′ define
f ′′v (y) to be either fv(y) or f
′
v(y), depending on whether y is in Gv or
G′v.
The stabilization of a (g, k)-trisection ({Gv}, {fe}) of G is realized
by taking the connected sum with the (3, 1)-trisection of {1}6 shown
in Figure 5.5.
Consider a (g, k)-trisectionX = (Σ, X1, X2, X3) for a closed, smooth
and oriented 4-manifold X. If X is equipped with a base point p, we
5G ∗ G′ is a notation for the free product between G and G′. If K and H are
groups with presentations K = {SK |RK} and H = {SH |RH}, then K ∗ H is a
group presented by {SK ∪ SH |RK ∪ SH}.
6Clearly, for every group G, we have G ∗ {1} = G
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Figure 5.5. A (3, 1)-trisection of the trivial group {1}.
Generators not shown to be mapped anywhere are un-
derstood to be mapped to 1.
call the trisection based if p ∈ Σ and if there are parametrizations
(i.e. fixed diffeomorphisms) from (Xi, p) to (\
k(S1 ×D3), ∗), from Hi,j
to (\k(S1 × D2), ∗), and from the triple intersection surface to (Σg, ∗)
(here ∗ represents a fixed basepoint, preserved by the standard inclu-
sions Σg ↪→ \k(S1 ×D2) ↪→ \k(S1 ×D3)).
There is a natural map G from the set of parametrized based tri-
sected 4-manifolds to the set of trisected groups. The groups are the
fundamental groups of the 4-manifolds. The main result of [1] is the
following Theorem:
Theorem 5.13. There is a mapM from the set of trisected groups
to the set of based, parametrized and trisected 4-manifolds such that
M◦G is the identity (up to trisected diffeomorphisms) and G◦M is the
identity (up to trisected isomoprhisms7). The unique (0, 0)-trisection of
{1} maps to the unique (0, 0)-trisection of S4, and the standard (3, 1)-
trisection of {1} maps to the standard (3, 1)-trisection of S4. Moreover,
7Trisected diffeomorphisms and isomorphisms are simply diffeomorphisms and
isomorphisms that preserve the trisections.
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G respects the connected sum operation. Thus,M is a bijection between
the set of trisected groups modulo isomorphism and stabilization, and
the set of smooth, closed, connected and oriented 4-manifolds modulo
diffeomorphism.
Remark 5.14. Since every finitely presented group is the founda-
mental group of a closed, orientable 4-manifold, Theorem 2.6 and The-
orem 5.13 imply that every finitely presented group admits a trisection.
Moreover, it follows that the set of all trisections of a fixed group G
contains all the complexity of all the smooth 4-manifolds that have G
as fundamental group, in particular their diffeomorphism types. If we
consider the set of trisections of the trivial group {1}, there is a subset
that corresponds to the countably many exotic smooth structures on a
given simply connected topological 4-manifold.
As a consequence of Theorem 5.13 we get the following reformula-
tion of the smooth 4-dimensional Poincare´ conjecture.
Conjecture 5.15 (The smooth 4-dimensional Poincare´ conjec-
ture). If a smooth closed 4-manifold has the homotopy type of S4, then
it is diffeomorphic to S4.
Corollary 5.16. The smooth 4-dimensional Poincare´ conjecture
is equivalent to the following statement: every (3k, k)-trisection of the
trivial group is stably equivalent to the trivial trisection of the trivial
group.
Proof. A (3k, k)-trisection of the trivial group gives a (3k, k)-
trisection of a simply connected 4-manifold. The Euler characteristic
of a (g, k)-trisected manifold is equal to 2 − g + 3k, so in this case
we have an Euler characteristic 2 simply connected 4-manifold, i.e. a
homotopy S4.

In [1] the Authors also outlined a possible approach to proving the
conjecture, which goes as follows.
If one could prove that there is a unique (3, 1)-trisection of {1}, or
at least that every (3, 1)-trisection of {1} gives a 4-manifold diffeomor-
phic to S4, and then prove that for any (3k, k)-trisection of {1} the
intersection of the kernels of the three maps Sg −→ Hg contains a non
trivial element, this would give an inductive proof.
In fact, such a non trivial element could be represented by an embed-
ded curve on the surface corresponding to Sg, and such a curve would
allow us to decompose the trisection as a connected sum of lower genus
trisections.
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